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DIFFERENTIAL ORBIT IMPROVEMENT ( D ( d I - 3 ) l  

2 E .  M. Gaposchkin 

In t  roduct ion 

It i s  probably more accurate t o  look upon my task  of writ ing t h i s  
volume as  tha t  of an ed i tor  ra ther  than an author. I am not col lect ing 
various re la ted  works, though I must quote from several  and must r e f e r  
t o  many other sources throughout. Different ia l  Orbit Improvement, D @ I ,  
ac tua l ly  consis ts  of many programs, each one evolving from the previous, 
and it c lear ly  shows the thumbprints of many people. D r .  George V e i s  
originated the concept of what the program should do. Though h i s  design 
w a s  f o r  t he  study of geodetic systems (i .e. ,  determination of s t a t ion  
coordinates), the concept i s  s o  general that  the program a l so  worked 
splendidly f o r  orb i t  analysis and thus bec'ame the backbone of the oper- 
a t iona l  tracking. 
terms) and a l so  an a poster ior i  confirmation of the va l id i ty  of the choices 
of par t icu lar  coordinate systems best  suited f o r  orb i t  analysis.  Charles 
Moore w a s  the f irst  programmer. The first published descr ipt ion of the 
program (JPL) was a joint  e f for t ,  carried out by Moore and Veis. Much of 
Moore's o r ig ina l  organization and coding remains in tac t  today. Later 
versions have additions proposed by Veis, Kozai, Imre Izsak, D r .  Luigi G .  
Jaccnia, and Jack W .  Slowey. The early mathematical documentation i s  s t i l l  
va l id  today, as  we have purposely required tha t  changes and modifications 
i n  the operation of the program not a l t e r  the basic  theo re t i ca l  de f in i t i on  
Of the o r b i t a l  parameters ( f o r  instance by redefining the o rb i t  theory).  
My t ask  i n  t h i s  report  i s  therefore t o  completely document the program i n  
existence today. No doubt fur ther  changes w i l l  be made, and possibly t h i s  
write-up w i l l  be out of date by the time it i s  published! 

D r .  Yoshihide Kozai supplied the orb i t  theory (short-period 

It seems obvious t o  us, looking back over the ea r ly  years of the space 
age, t h a t  a program of t h i s  so r t  w a s  inevitable. The phenomenological deter- 
mination of time-dependent parameters is a powerful tool ,  used i n  much if not 
a i l  of it i s  fortmiate indeed that 'Jels, 
Moore, Kozai, and the others were on hand, as  each contributed grea t ly  t o  
t h i s  program. I must also mention Mrs. Barbara Rush, &s. Judi th  Frommer, 
and Henry Wadzinsky, who were instrumental i n  programming and checking out 
the D$I-2 ,  and Miss Sandra Howard and Miss Karen Johnson, who helped w i t h  the 
current ~ $ 1 - 3 .  

the ea r ly  work w i t h  s a t e l l i t e s .  

b 

?This work w a s  supported i n  pa r t  by grant NsG 87-50 from the National 
Aeronautics and Space Adixinistratiori. 

h 2 Formerly, Chief, Cornputations Division; presently w i t h  Research and 
Analysis, Smithsonian Astrophysical Obser-vatory . 
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In this  report  I hope t o  cover a l l  the aspects Of the program. 
While I hope the en t i r e  report  w i l l  be of i n t e re s t ,  I have wri t ten 
each section t o  stand alone. 
i n  the technique can benefit  from reading the general descr ipt ion and 
pililosuphy d the yrugraru. Those who w i s h  a l so  t o  in te rpre t  the r e s u l t s  
w i l l  f ind  the  complete mathematical f o r m l a t i o n  of i n t e re s t .  
charts and description of the ''how'' of the program W i l l  be useful t o  any- 
O n e  interested i n  finding out how a cer ta in  expression was applied or 
contemplating writ ing his own program. 
probably the most valuable section of t h i s  report ,  as  it gives instruct ions 
for  us ingthe  program. 
general enougn t h a t  future changes w i l l  not a f fec t  decks already set up. 

The reader who i s  Only generally interested 

The flow 

The operating description is  

We hope t h a t  the organization of the program i s  

IQ aim i n  writ ing t h i s  report  has been twofold: t o  describe the subject 
so  t h a t  the neophyte w i l l  find it helpful,  and t o  maintain as wel l  the 
in t e re s t  of the  more experienced reader. 

Reduct ion of Observations 
A large segment of the program i s  concerned w i t h  reducing observations 

Part t o  a uniform system. ( In te rna l ly  the program uses d i rec t ion  cosines.) 
of the program's strength i s  i t s  a b i l i t y  indiscriminately t o  combine many 
kinds of observations i n  the Sam run. This i s  t rue  i n  most applications, 
and I have attempted t o  document careful ly  a l l  cases mentioned i n  th i s  report  
in which it is  not true. 

In right ascension (CY) and declination (6).--The program uses the f o l -  
lowing procedure t o  reduce observations i n  r igh t  ascension and declination: 

o B T Y = O  
(1) Convert t o  direct ion cosines 

a = cos 6 cos cy; 

m = cos 6 s i n  CY; 

n = s i n  6. 

(2 )  Rotate t o  defined s iderea l  system 

Ro - = P P I ;  2 1 
i =(i). 

See coordinate systems for P P 2 1' 
(3) optional ro ta t ion  

i o = P P ' P d .  
3 2 1  

I 

( 3 )  

This is  discussed on page 48, under "R@I, R @ I I  control cards." 
The notation "OETY = It r e fe r s  t o  the code punched i n  column 56 of 

the observation card. 
section headed "Observation Cards," beginning on page 34. 

(see figure 1). 

This code and the card format are defined i n  the 

P1 converts t o  epoch of 1950.0 from the epoch of the s t a r  catalog 

P converts t o  current equator (see figure 2) .  2 
-2 - 



c 

ean celestial equator T 

Figure 1.--P ro ta t ion  t o  the  equinox of 1950.0 1 

2 

X 

X' 

Figure 2.--P ro ta t ion  t o  the current equator. 2 
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Rotation from equinox T 

- s in  n s i n  w + cos n cos u) cos v -cos n s i n  u) - s in  n COS w cos v -cos IN s i n  v 

cos n cos u) - s in  n s in  w cos v -sin w s i n  v 

t o  equinox T: 
0 

2 

1 p1 = sin n COB u) + cos n s i n  w cos v ( 4 )  
cos n s i n  v - s i n  n s in  v cos v i 

H = [ .11171334E-3 + -67743016E-9 (TO-lwO)]  (T-TO) + 0146559183-9 (T-TO) . 
u) = [ .11171334E-3 + -67743016E-9 (TO-1900)] (T-TO) + .53087098E-9 (T-To)2 . 

I 

v = [ .971898713-4 - 04136915~3-9 (To-1900)I (T-TO) - .20687OOOE-9 ( T - T ~ )  2 . 

Angles are i n  radians, and T i s  i n  years; s i n  n has 56000-yea period; 
sin w has 56000-year period; s in  v has 65000-year period. 
of the reference catalog. 

To i s  the equinox 

Rotation from equator of 1950 t o  equator of date (t ) : 

( 5 )  
1 0 -Y s i n  E 

P 2 = (  0 1 -m 
Y s i n  Eo +DE 1 

Y = YIT + %' s i n  A1 + Y4 s i n  2A1 + Y s in  A + Yg s i n  A ; 
3 5 2 3 

&f3 = E COS A1 + E4 COS 2A1 + E COS A + E6 COS A 
3 5 2 3 '  
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In  principle, the P2 matrix is  

p2 

t 

COS (x  sin Eo) 0 - sin ( X  sin Eo) 

sin a sin (X sin E ~ )  cos AE 

sin AE 

- sin AE cos (x s in  

COS 6 ~ ,  sin (X sin E ~ )  cos 6E cos (x sin Eo) 

In fact, tbe program uses the folhwhg matrix, which is  accurate t o  
one part i n  lo8: 

1 0 - x sin E 

1 ") * 

P2 = [ 10-4 I 10-4 Ir 0 1 

x 8-0 -6E 

For the optional rotation Pi and P are 3 

- Y COS Eo - Y sin Eo 

1 - m  
0 1 

Y s inE m 1 

3' = Y sin A + Y4 sin 2A1 + Y sin A2 + ' 6  sin A yo 0 1 5 

COS M sin M 0 

P 3 = (- si; M CO; M r )  
-5- 



2 M = Yo COS E + plT + p2T . 
= 6.11918683 -7. 

p1  

T = days from 1950.0. 

In direction cosines A ,  m, n.--Clbservations i n  d i rec t ion  cosine 
are reduced i n  the following manner: 

(1) Take topocentric measurement of A ,  m, and 
aBTy=4,5  

n =J-. ( 6 )  

(2) If the observation i s  uncorrected f o r  refract ion,  compute the 
a l t i t u d e  and azimuth from 

m = 5  
-1 h = s i n  'n j 

( 7 )  
-1 m z = cos - . cos h 

Actually, the program deals d i r ec t ly  w i t h  s i n  h, cos h, sin z, and cos z 
from 

sin h = n ; 

 COS^= F R + m  ; 

cos z =+m . 

(3) Continue as w i t h  azimuth-altitude (z,h),  defined immediately below. 

-6- 



In  azimuth ( z )  and a l t i tude  (h).--By tne following procedure the 

OBTY = 1, 3 

OBTY = 3 

program reduces observations i n  azimuth and a l t i tude  : 

(1) Correct f o r  refract ion:  

(8)  h = h + K C O t h *  K = -.OOl5, radio observation; 
K = -.OOO29, opt ica l  observation. 

(See codes f o r  ident i f icat ion.  ) 

(2 )  Convert t o  d i rec t ion  cosines: 

R = cos h s i n  z ; 

rn = cos h cos z ; ( 9 )  

n = s i n  h . 
( 3 )  Rotate t o  defined s idereal  system: 

(10) 
2 2 

Ro = AR , 

  cos^ case - s in1  sine) -( s i d  cos0 +  cos^ sin0)siniP ( s i d  cose + cosh sine)cosip 

where 

-( s i d  cose +cos1 s ine)  -( cosx cose - s i f i  sin0)sinQ ( cosx case - sinA sine)cosm 

A =  ( 
0 cos Q s i n  9 

Note that 

theref ore, 

A =  

ip = astrometric la t i tude  of s ta t ion  (al t i tude of north c e l e s t i a l  pole);  
X = longitude of s ta t ion;  
8 = s iderea l  t i m e .  

In range ( r )  .--To reduce observations i n  range the procedure i s  

(1) When r i s  observed i n  conjunction w i t h  direction, use 
OBTY = 0,1,3,4,5 

9, = ra0 

( 2 )  When r i s  observed alone use OBTY = 6 

-7 - r o = r  



Time Systems* 

The whole subject of the relationships between various coordinate 
systems and t i m e  systems i s  too complicated and lengthy t o  be t rea ted  
here ia detai l .  SOE idea of the basic principles is, however, very 
important f o r  the interpretat ion and understanding of the r e su l t s .  
Tne interested reader i s  referred t o  V e i s  (1963), Newcomb (1960), and 
Chauvenet (1960) fo r  further consideratians on this  matter. 

T'he independent variable i n  orbi t  theories  i s  cal led ephemeris 
time--a uniform t i m e  system t h a t  cannot be real ized i n  practice.  The 
c l a s s i ca l  method of measuring t i m e  is  based on the Ear th ' s  rotat ion as  
a clock. The r a t e  of ro ta t ion  varies,  however, as a r e su l t  of e f f ec t s  
of the Earth's oblateness, precession, and the a t t r ac t ion  of the moon, 
among other things.  
called Universal Time (UT). 
only w i t h  t i m e  as  defined a t  the Greenwich meridian. 
in th i s  way i s  actual ly  a rotation, it i s  simpler t o  think of it as an 
angle between a reference plane and the meridian. T h i s  angle i s  cal led 
the sidereal angle. 

Time as  defined by the ro ta t ion  of the Earth is  
Throughout t h i s  discussion we are concerned 

Since t i m e  measured 

This instantaneous s iderea l  angle can be immediately converted t o  
W.  Universal Time corrected f o r  the e f f ec t s  of the motion of the pole 
i s  called W1. W1 corrected f o r  seasonal variations i n  the ro ta t ion  of 
the Earth is called W2, which i s  not r e a l l y  a uniform t i m e  system, since 
the seasonal var ia t ion i s  only an estimated quantity. 

The t i m e  system used a t  SA0 i s  called Modified Ju l ian  Days (MJD) ,  
defined by the formula 

M J D = J D  - 2400000.5 . I 

i - 
The mean sidereal t i m e  0 i s  derived i n  t h i s  manner: 

e = 1009075542 + 3609985647348 ( T )  + 092900 X 10 -I2 ( T ) 2  , (14) 
I 
I 

where T i s  the number of days since 0 Jan 1950: 

T = (MJD - 33282.0) 

Angles are i n  degrees. 

I 
* 
I am indebted to 'Veis (1963) f o r  t h i s  section and i t s  equations. 
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The true s iderea l  t i m e  e ’  is  

0 ’  = 6 - 49392 X 

+ 09053 X 

- 09325 x solar period 

- 09050 x s i n  2(6493824 + 139176318 T) . lunar period 

s i n  (1291128 - 00.052954 T) 
s i n  2(12?1128 - 09052954 T) 
s i n  2( 280O.0812 - 09985647 T) 

19.1-year period 

(15) 

This expression is  the def in i t ion  of UT1. 

Because atomic t i m e  ( A l )  i s  presumably closer  t o  ephemeris t i m e  than 
t o  these t i m e  systems, a l l  the  precisely rdduced observations used a t  SA0 
are  given i n  A 1  t i m e .  
ve r t s  atomic t i m e  t o  UT1. Because there i s  no analy t ica l  expression f o r  
th i s  conversion, approximate values are  used i n  the program. These may be 
modified (see the section on input of constants, beginning on page 31 ). 

Since the o rb i t s  are re la ted  t o  UTI, the D @ I  con- 

Since the o rb i t s  are computed f o r  only a f e w  weeks a t  a time, long- 
period var ia t ions in the t i m e  systems are unimportant, and changes can 
be absorbed i n  the constants of the orbi t  equations. Care must be exercised 
only when combining observations i n  different time systems or  when i n t e r -  
pret ing the o r b i t a l  elements f o r  physical significance.  
observations are  ident i f ied  by the f irst  d i g i t  of their observation number, 7. 
The expression f o r  the modified s iderea l  angle used i n  the D @ I  i s  

Precisely reduced 

rev = Or?277987616 + 1 . 00273781191(T) . 
Sidereal  t i m e  defined i n  t h i s  way i s  based on a uniformly ro ta t ing  

Earth, w i t n  a l l  perturbations averaged out. 

33282 = 1 Jan 1950 i n  MJD. 

.277987616 = sidereal  angle a t  1 Jan 1950 minus nutation in right 
ascension (revolutions).  

1.00273781191 = revolutions per mean so lar  day f o r  1900 (Sterne, 1960). 

This t i m e  system, which has been shown t o  be the best fo r  o r b i t a l  analyses 
(Kozai, 1960), has been f u l l y  described by Veis (1963). 

This s iderea l  angle is, tnen, the angle between the intersect ion of the 
equator of date, the equinox of 1950 and the ec l ip t i c ,  and the mean Greenwich 
meridian a t  the time T. In other words, it i s  the angle between the i n e r t i a l  
system i n  which t h e  s a t e l l i t e ’ s  o rb i t  i s  defined and the geodetic system i n  
which the observing s ta t ions  (and hence the observations) are  defined. 

-9- 



Orbital  Elements 

Altnough i n  attempting t o  describe the motion Of a s a t e l l i t e  i n  
an o rb i t  about the Earth we are dealing w i t h  a complex problem (the 
motion of an object under gravi ta t ional  a t t r ac t ion  from a nonsymmetric 
body, t h i s  motion being affected by atmospheric drag, grav i ta t iona l  
a t t rac t ion  by moon and sun, and the sun's radiat ion pressure), we do use 
the solution of the idealized two-body problem, as  given by c l a s s i ca l  
c e l e s t i a l  mechanics, as a f irst  approximation. We then take the  other 
e f f e c t s  into account by introducing perturbations (or  small var ia t ions)  
i n to  t h i s  first -approximate solution. 

We w i l l  consider two-body motion i n  an i n e r t i a l  system w i t h  a ro ta t ing  
Earth, i n  Which the simple two-body motion can be represented by s i x  para- 
meters, called elements. We choose three of these elements t o  be geometric 
and the remaining three t o  be dynamic. 
explanation of the reasons f o r  th i s  par t icu lar  choice is  beyond the scope 
of t h i s  work.) 

( T h i s  choice is  a rb i t ra ry ;  an 

The s a t e l l i t e ' s  motion occurs i n  a plane cal led the o r b i t a l  plane 
( see figure 3 ) .  

X 

Figure 3 --The o r b i t a l  plane of a s a t e l l i t e  ' s motion. 

-10- 
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The orientat ion of the o r b i t a l  plane with respect t o  the (x,y) plane 
of the i n e r t i a l  system i s  described by  the two angles n and i. The 
node, 0, i s  the angle between the line of  in tersect ion of these two 
planes and the x-axis; i, tbe inclination, is  defined either as the 
angle between the normal t o  the o rb i t  plane and the  y-axis or as the 
angle between the orb i t  plane and the (x,y) plane ( the  two are  equivalent) .  

The path of the sa t e l l i%e ' s  motion i n  the o r b i t a l  plane is  an e l l i p s e ,  
w i t h  the  center of the Earth as one focus. Perigee i s  t h a t  point on the 
e l l i p s e  closest  t o  t h i s  focus. To orient the e l l i p s e  i n  space we must 
specify the th i rd  angle w, argument of perigee, which i s  the angle between 
the l i ne  of intersect ion of the (x,y) plane w i t h  the o r b i t a l  plane and the 
l i ne  joining the perigee and the center of the Earth; n, u), and i are the 
three geometric elements. 

Let us now consider the s a t e l l i t e ' s  motion i n  the o r b i t a l  plane 
(see f igure 4). 

\ / 

The eccentr ic i ty ,  e, of th i s  e l l i p s e  w i l l  be the fourth element. 

The f i f t h  element, M, the mean anomaly, var ies  l i nea r ly  w i t h  t i m e .  
To r e l a t e  it t o  angular quant i t ies  we must solve Kepler's equation, 
which describes the motion,of the s a t e l l i t e  i n  i ts  e l l i p t i c a l  o rb i t  i n  
terms of eccentric anomaly, E .  
the  geometric properties of the e l l ipse .  

We relate  E t o  true anomaly, v, by using 

We s t a t e  Kepler's equation i n  the form 

M = E  - e  s i n ~ = n ( t  - T ) ,  

-11- 



m e r e  n is the  mean motion: 

n = - -  dM - i~ (polynomial part  only) . 
d t  

Equation (17) is  the solution of a d i f f e r e n t i a l  equation w i t h  t as  the 
independent variable,  so we may choose T as  a constant of integrat ion.  
Thus T, which is  called the epoch, i s  the sixth element. 

In the simple two-body probkm w, 0, i, T, and e are constants, 
w h i l e  M = const. + n x t .  

Actually, however, because of the e f f e c t s  mentioned e a r l i e r ,  the 
o r b i t a l  motion of an a r t i f i c i a l  s a t e l l i t e  differs somewhat from the 
idea l ized  motion s ta ted  above. Nevertheless, the two motions, the idea l  
and the real, are  re la ted  closely enough so t h a t  we can express the l a t t e r  
a s  perturbations i n  the solution for  the idealized case. In  fac t ,  we find 
t h a t  by making the s i x  elements time-varying, we can approximate the r e a l  
o r b i t a l  motion r e l a t ive ly  accurately by 

n = n ( t )  j 

w = w ( t )  ; 
i = i(t) j 

e = e ( t )  j 

M = M ( t )  . 
We w i l l  specify these functions of t i m e  as  polynomials i n  t, w i t h  

optional trigonometric and hyperbolic terms : 

Since we now have the elements as  functions of t i m e ,  we s h a l l  c lass i fy '  
them a t  a par t icu lar  time as  instantaneous elements. 

The five elements listed above, the mean elements, together w i t h  the 
epoch describe the complete motion of the s a t e l l i t e .  

Another point t o  consider when describing a s a t e l l i t e ' s  motion i s  the 
physical size of the o rb i t .  
semimajor axis  a of the o r b i t a l  e l l i p se ,  using the formula 

This i s  usually defined by calculating the 

-12- 



where k = g x rn; g i s  the constant of gravitation; and m is  the mss of 
the Earth. 
i n  a (see equation 22). 

Because of the E a r t h ' s  asymmetry, we must add a perturbation 

Computation of Sa te l l i t e  Posit ion 

The posit ion of the s a t e l l i t e  is computed by means of the following 
set of equations : 

(1) Evaluate the elements a t  time c: 

mean elements i 
u) = w(t) 

n = n ( t )  
i = i(t) 
e = e ( t )  

M = M(t) 

n = m(t) (polynomial part only) . 
(2)  Add lunar perturbations optionally: 

w = w ( t )  + 6 w  

!2 = n ( t )  + 6n 
i = i(t) + 6 i  

e = e ( t )  + 6e 

M = M ( t )  + 6M 
Since 6a = 0, there  is  no contribution t o  n. 

These expressions were developed by Izsak (pr ivate  communication). 
See appendix 1 f o r  expressions of these lunar perturbations. 

kt 

(semilatus rectum of the mean e l l i p se ) .  

k = .7537172 x 10 5 2  rev u ~ g a m e t e r s ~  day-2; 

J2= .0660546 megameters. 
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and 

( 3 )  BY i t e ra t ion  solve e p l e r ' s  equation for  E, 

E = M + e s i n E .  

(4)  solve fo r  v 

s i n  E l-e cos E s i n  v = 

cos E - e  
l-e cosE cos v = 

(5 )  Compute cos R and s i n  1 : 

R = w + v .  (25) 

W e  apply the second harmonic short-period perturbations as follows: 
, 

n=n+Sn  

s i n  i = s i n  i + S i  cos i 

cos i = cos i - S i  s i n  i 

s in  1 = s h  R + 6R COS 

COS a = cos R - fjL s i n  R 

r = a(1-e cos E )  + 6R 
C 

The expressions f o r  these perturbations are included i n  appendix 2. 

These perturbations are added t o  each computed position; since their  
values are insensit ive t o  small changes i n  the o rb i t a l  e lemnts ,  they are 
seldom recomputed. The standard e r ro r  of the least-squares solution is 
used t o  determine whether they should be recomputed. When 

0 - 0  
i-l > 0.1 y 

Q, I 

they are recomputed. 
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V 

It is  difficult  t o  foresee which i terat ions w i l l  cause these short-  
period terms t o  be recomputed, but they are always computed on the zero-th 
i t e r a t ion  and a l so  for  the printing o f t h e  residuals, unless the run comes 
t o  an untimely end (see the section on errors ,  page 57). 

(6) Compute rectangular coordinates from 

where 

2 

r =  
C 

x 

yC 

= r (cos R cos n - s i n  R cos i s i n  S I )  

= rc(cos R s i n  n + s i n  R cos i cos CI) 

= r c ( s in  A s i n  I) 

C C 

z 
C 

Ie as t Square s 

As i ts  name implies, this program is  concerned w i t h  o rb i t  improvement 
with d i f f e ren t i a l  corrections. 
function of orbi ta le lements ,  s ta t ion  coordinates, and t i m e :  

The position of the s a t e l l i t e  ( r )  is a 

a r = r' ( b , t )  . 
The approximate or observed position is F0 = $(bo,t) . 

Expansion about the approximate o r b i t  (bo) is represented by 

-L A ar' r (b )  = r(b,) + ab db 

Since the o r b i t a l  elements are functions of the parameters p, then 

What we solve fo r  then i s  ~ p ,  the corrections i n  the parameters neeged t o  
make the observed position r (b)  correspond t o  the computed position r(bo). 

the need fo r  re ject ing poor observations require an i te ra t ive  procedure. 
The expressions f o r  1 = ;(b,t) are extremely nonlinear. This f ac t  and 
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The input elements are expressed a s  a sum of POlynomials and sine 
Any or a l l  of the coeff ic ients  can be t rea ted  as  variables,  terms. 

w i t n  the  following r e s t r i c t ions  : 

(1) If the n-th degree terms &re varied, then a l l  the lower-order 
terms i n  the expression for t h a t  element must a l so  be varied. 

(2) There can be no more than 20 variables,  including s t a t ion  
coordinates. The var ia t ion codes are input w i t h  the o rb i t .  (See the 
description of input, beginning on page 31, f o r  more complete d e t a i l s  
on the variations allowed.) 

Each observed quantity (e.g., a direction, such as  a l t i t ude  or 
azimuth) can be expressed as  a l inear equation: 

A 

The term e is the correction f o r  s t a t i o n  coordinates. These 

simultaneous equations are solved by the method of l ea s t  squares. 

The semimajor axis a i s  computed from M and i s  included i n  
the terms for M by the formulas tha t  follow. 

To the f i r s t  order: 

n = - -  dM - i (polynomial par t  of M only) ; d t  
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.A 

-. 
G(b) - r(bo) = 5 Ab, or, i n  terms of M and a, 

We know t ha t  
A 
r = $ a ( l  - e cos E )  

a; - = i? (1 - e cos E )  ; 
ba 

theref ore, 

The corrections t o  a are included i n  the t i m e  equation M. 

The development of equations of condition.--We define the components 

y’ 5’ Of the vector ?, as  rx, r 

r = x , where r is  the geocentric i n e r t i a l  coordinate toward Aries; 
X C X 

where r is  such as  t o  make a right-handed system; and 
Y r = Yc, Y 

where r is the geocentric i n e r t i a l  coordinate toward the pole. 
C’ z r = z  z 
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The terms used i n  the linear equations (i .e , the equations of condition) 
are  

3 \ arx - -  - fk  [rc(- s i n  a cos n - cos a cos i s i n  n) , 
a% 

rC( - s i n  R sin n + cos A cos i cos n) 

@ Z  q Z f k [  r c cos 4 s i n  

uZ 

3% 
- = o ,  

- =  arx f (r sin n) , k z  aik 

ar 
2 = fk(-r cos n) , 

Z aik 

3 = f [r cos i cos 41 , 
aik k c  

i 
\ 

where the fk, f* are  functions of the def in i t ion  of the input elements. k 

A - cos e s i n  e 0 

a rc  - [ - sin 0 -cos e 0 

0 0 1 bR 
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The following chart shows the relationship between the variables 
and the values of fk  and f: : 

* 
fk (see footnote 1) fk  Variable 

P 

p1 

p2 
. 

'n 

s1 

s2 

%I 

H1 

H2 

1 

t 

t2 

tn 

sin(  s1+S2t 

so cos(s +s t )  

sot cos( s1+s2t ) 
1 2  

0 

1 

2t 

n-1 n t  

- (see footnote 2)  

* 
$he fk  terms are f o r  the term in da (see page 17) Since n and hence 

a are  defined as the polynomial part  of A, the sine and exponential terms 
are omitted. 

2 where T = T + t (i .e. ,  the t i m  i n  MJD) and T i s  the epoch. 
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As described, the equations of condition are expressed i n  terms of 
A posit ions.  To determine the res idua l  ($ obs. - r  computed ), computed 

values are used f o r  quant i t ies  not observed. In other words, if only 
the direction i s  observed, then tlle computed range is  used t o  compute 

d i rec t ion  i s  used. This has the twofold advantage of strengthening 
the solution and allowing a uniform treatment of the equations of condition. 

Similarly, i f  only the range i s  observed, then the computed 
O b s  

? 

To avoid correlat ions introduced by using rectangular coordinates, 
the result ing 3 X n matrix (n unknowns) i s  multiplied by a matrix t h a t  
ro t a t e s  the coeff ic ients  t o  the coordinate system of the observation. In 
the process, the number of residuals i s  reduced t o  the nuhber or ig ina l ly  
observed--3 f o r  position, 2 f o r  direction, and 1 fo r  range. 

Stat ion Position 

If $ i s  the s t a t ion  posit ion i n  the earth-centered geodetic system 
(i.e., the s ta t ion coordinates are  constants i n  t h i s  system), and & is  
the s t a t i o n  posit ion i n  the coordinate system of theasazel l i te  ( the i n e r t i a l  
geocentric system), then the r e l a t ion  between these R, Rs systems is  

cos 0 - s i n  0 

0 1 

-L 

where 0 is  the s iderea l  angle. 

Station coordinate corrections (G)  are computed i n  s e  geocentric 
Since we require the s t a t ion  posit ion ( R ' )  i n  the in- geodetic system. 

e r t i a l  geocentric system, the s t a t ion  posit ion used i s  computed from 
S 

(eo; e - s i n  e ;) 
(31) 

4 
$' = R s  + s i n  0 cos e A R .  

S 

0 1 

Residual computation. - - W i t h  @ = (observed position-computed posi t ion)  
as the r e s i d u a l  vector, the computed position, i s  determined from the 

L equation 
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If the observation is a posi t ion ueasuremnt ( i .e . ,  i f  there are  
three observed quant i t ies) ,  then 

If the direct ion is  observed ( i .e . ,  i f  there are t w o  observed quant i t ies) ,  
then 

A a 
'c80bs.- pc A r  = (34) 

If only the range i s  observed (i .e. ,  if there is one observed 
quantity),  then 

As I have previously mentioned, the equation of condition, - ax db, - 
4 ab 

and the residuals, dr, are rotated into the coordinate system of the 
observation by multiplying both sides of the equation by the matrix C: 

ax a C -db = C  S . 
ab 

The values of C 
the weighting fac tor  (which i s  taken out of' the res idua l  when it i s  printed).  

are printed as the residuals.  This matrix contains 

The C 
7 6  

matrix f o r  a and 6 observations.-4Che observed quant i t ies  a 

It i s  important t o  and 6 define the coordinate system of the residuals. 
rea l ize  that these are the observed a, 6, but corrections have been added 
t o  bring them in to  the defined sidereal system. 

k .prlnclpie the C r s a t r h ,  with weighting, I s  
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where oi represents the uncertainty of t h i s  observation, t ha t  is  t o  say, 

To make computation simpler, C i s  generally derived by using the 
a6 direct ion cosines 

X 

Po =(  ;) 
If k = du = r cos 6 ’, where the prime denotes reduced observation, 

then 

* 
i f  range i s  observed. 
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If a l t i t ude  ( a )  and azimuth (Az)  are observed, 

7 

Az sin a -COB Ab s i n  a cos a -cos(A+e)einil 
cos( A&) -sin( L&)sin+ 

(40) 0 COB 4 s in  0 
cos Az sin A% 0 

3 
PO J' 

The altitude-azimuth used i n  t h i s  rotat ion matrix must be the or ig ina l  
a-Az, w i t h  the correctipns f o r  refract ion added before the A matrix (see 
page 7 )  ro ta t ion  is  applied. 
i n  the C matrix. Here again t n e  cr represents the weighting of t h i s  ob- 
servation . 

The program saves these quant i t ies  f o r  use 
i 

.. 
Az B i n  a -cos Az Sin a cos( x+e) 

-cos( X+0)ein@ -eln(A+0)aln9 cos+ 

ein(X+B)cos# sin(X+e)cosi Bin# 
cos Az ' sin Ad 

1 - 
ai 

PX 

PO 
- 5 - Pz 

PO PO 

~ ~~ 

'The second matrix is  the transpose o f  the A matrix defined i n  equation (11). 

* 
i f  range i s  observed. 
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If R,m (direct ion cosines) are observed: 

5 
P O  

If range (p,) is observed 

1 
CQm = - ( P x  P y  P,) (45) 

Each observation (submatrix) is  weighted w i t h  the assumed accuracy 
of the observation (ai), 

1 -  1 ax - C(,) dr = C(-) - db . 
i ai ab 

Note that 0 .  i s  independently determined and i s  not the outcome of an 

in t e rna l  calculation. Each observed quantity receives the same weight ; 
weighting becomes important when several  d i f fe ren t  kinds of observations 
are combined. 

1 

This is, however, not true s t a t i s t i c a l  weighting as  in,  f o r  instance, 
radar observations, where the range can be determined more accurately than 
the direction. 
types of observations, but when we combine various types of observations, 
the less accurate ones dominate. 
as t o  insure equal e f fec t s  on the orb i t ,  the weight ceases t o  be an in-  
dicat ion of the assumed accuracy of the instrument. 

A true weighting gives proportionate weight t o  the d i f fe ren t  

If, however, the weights are assigned so 
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Note tha t ,  except i n  the case of photoreduced observations, t'ne 
weight is input with the identification of the observing s ta t ion .  For 
photoreduced observations (indicated by an observation number i n  the 
70000 se r i e s )  we use the weight punched on the observation card. 

The least-squares Solution normally assumes s t a t i s t i c a l  e r rors  i n  
the observed posit ion as  w e 1 1  as  errors i n  the observed t i m e ,  wnich are 
of ten larger  than those i n  posit ion.  
combating tnese e r rors .  F i r s t  i s  t h e  option f o r  rotated residuals,  
which does two least-squares solutions i n  terms of du and dw a f t e r  a 
successful orb i t  improvement (see REITPER control card, page 48). 
program computes the re la t ive  Weight on the f i rs t  i t e r a t ion  and applies 
it during the second. The al ternate  lnethod involves the multiplication 
of the equations-of -condition submatrix of each observation by a weight 
matrix. 

The program has two mechanisms for 

The 

If ,  as  an example of tne second option, the problem i s  stated 

where each quantity i s  a matrix, we multiply the left-hand side by W, 
a weight matrix ( V e i s ,  1960) : 

where 0 i s  the observational uncertainty; cy is t h e  uncertainty i n  t i m e ;  

p i s  a plate  constant (=  1.0); k i s  p + x - ; and i( is  the posit ion 
i t 2  

2 2 2 2 O t  
2 

mgk. cy 

Rotated Residuals 

Tne f irst  metnod of overcoming timing er rors  i n  the observations, 
a s  we have indicated, i s  t o  perform the least-squares solution i n  terms 
of the residuals du and dw (the residuals i n  and perpendicular t o  the 
plane of tne  o rb i t ) .  
documented i n  Izsak (1961). The program i s  set up t o  handle only obser- 
vations w i t n  two observed quantit ies;  it w i l l  not work on runs requiring 
the determination of s ta t ion  coordinates. 

The developmnt and rat ionale  of t h i s  method are 
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we define (see figure 5) 
0 

N =(.,), 

COS 6 COS (a-0)  

i sin 6 + cos i cos 6 

cos i sin 6 - sin i cos F 

sin (a-n) 

sin (a-0) 

where u = V + w; 
-. -sin (u+y) 

where 7 = e s i n  w and e = e cos w; 

-s in  (u-a) 

-sin i cos (a-0) 

(49) 

cos i cos 6 + s i n  i s i n  6 sin (a-n) 

-sin 6 cos (CY-R) 

i cos 6 - cos i s i n  6 s i n  
C 

Z 

-26- 

(54) 

L 



Figure 5 .--The geometry of rotated residuals.  E, H, 2 .  
i s  the s iderea l  coordinate system; the points R and 
V indicate the directions of the geocentric posit ion 
and veloci ty  of the  s a t e l l i t e .  (Published earlier as 
Figure 1 i n  Smithsonian Astrophysical Observatory 
Special Report 73 [ Izsak, 1961bI. ) 
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The components of the equations of condition for dw are 

* 2 a 1  A a-r - - (ew . r / a )  5 = '  - 'k 3n P 

The components of the eqmtions of condition fo r  du are 
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The res idua l  f o r  dw i s  computed by 

where 

and 

d w  = - s i n  1 )  cos 6 du + cos 4 d6 

du = w t  (cos Jr cos Ea + sin cp dg) , (57)  

2 2  s i n  Jr = - e * e  w s ’  

where Jr i s  the posit ion angle, and Wt i s  the weight assigned t o  the 
residual i n  dw. On the f irst  i te ra t ion  th i s  weight  i s  1.0; on the 
second it i s  computed from the residuals of the f irst  by 

The program pr in ts  the value of this weight. 

The program functions i n  essent ia l ly  the same way w i t h  rotated 
residuals  as it does w i t h  o rb i t  improvement i n  cos 6 da, dg. The 
process starts w i t h  an improvement i n  cos fj da, dF u n t i l  normal con- 
vergence, then pr in ts  the improved o r b i t  and residuals. N e x t  it per- 
forms two more i te ra t ions ,  delet ing the C matrix multiplications and 
using the n e w  equations of condition. On the f irst  i t e r a t i o n  the 
program computes and pr in ts  the relat ive weight of du, dw. In the 
second, it applies t h i s  weight. This weight i s  i n  addition t o  the 
weighting by t n e  assumed accuracy (ai). 

of nigh-precision observations. 
subs tan t ia l ly  be t t e r  than those derived by the usual method, and t h i s  
program i s  more time-consuming, because the expressions f o r  the equations 
Of conditions are more complex. The residuals, however, are much more 
Useful for evaluation, as they are  separated i n t o  components w i t h  no 
timing er rors  (du) and those w i t h  timing e r ro r s  ( d w ) .  

We would normally use t h i s  processing mode only f o r  f inal  evaluation 
The orb i t s  obtained i n  t h i s  way are not 

Both these options are  set up f o r  observations w i t h  2 observed 
quant i t ies ;  the r e su l t s  are  meaningful only f o r  precisely reduced 
Baker-Nunn observations. 
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Today t i m e  measurements f o r  other observations are much b e t t e r  
than positional measurements. 
quantit ies only when the accuracy of t h e i r  determination i s  roughly 
equivalent . 

It makes sense t o  weight observed 

I -30- 

Rejection Cr i t e r i a  

An observation i s  not included i f  

where a i s  the over-all  standard e r ror  of the previous i t e r a t ion .  This 
re jec t ion  c r i t e r ion  seems qui te  e f fec t ive .  The zero-th i t e r a t ion  assumes 

a Q of 1 X 10 , which includes a l l  but the observations great ly  i n  e r ro r .  6 

The least-squares i t e r a t i o n  i s  assumed t o  converge i f  the change of 
Q on two successive i t e r a t ions  d i f f e r s  by l e s s  than 1 part  i n  100, or i f  

0 - 0  i i-1 

i 
< .01 . 

0 

hkthod of Solution 

Each equation of condition i s  conceptually appended t o  a matrix. 
The solution t o  t h i s  system l i e s  i n  the following: 

If A i s  the i X n matrix of coeff ic ients  ( n  unknowns and i observed 
quant i t ies )  db i s  the desired column vector, and the dr i s  the 0 - C  (observed 
minus computed posit ions) _ .  . o r  residuals. 

= A’ d r  I 

A n x i A i x n d b n x l  n x i  i x l  



The usefulness of a program l ike the D B I  depends la rge ly  on 
the f l e x i b i l i t y  and generali ty of the input and on the user 's  
a b i l i t y  t o  mke use of the various options. This sect ion on input 
provides an index fo r  the control cards as well as a description 
of the usefulness of the options. 

Formats 

Except fo r  t h e  observation cards, a l l  input i s  f ree- f ie ld .  For 
a complete description of the free-field input conventions as w e l l  as 
the input-output techniques, see Gaposchkin (1963). Suffice it t o  say 
here that  i n  the input-output program the f i e l d s  are delimited by one 
(or more) blanks and that  E D  information, integers, and floating-point 
numbers (which must contain a decimal point)  are recognized by their  
syntax. 
important. This applies t o  BCD control information as well. 

The order of items ( i f  more than one i s  needed) i s  therefore 

Element def ini t ion cards. --These cards contain four types of inform- 
ation, i n  t h i s  order: 

s a t e l l i t e  name; 
the  combination of polynomials, sine terms, and hyperbolic terms 
that make up the 5 elements; 
the numerical coefficients t o  be improved ( i . e . ,  treated as 
unknowns); and 
the numerical values for the elements. 

f irst  f i e l d  contains the year of launch; the second., the satel- 
l i t e  name, which may be either the Greek l e t t e r  (spelled out)  or the launch 
number (the COSPAR code). 
double-letter names are needed, then the t h i r d  f i e l d  includes the second 
Greek le t ter .  In the next f i e l d  i s  the par t ic le  number or, i n  the case 
of the COSPAR code, the l e t t e r  designating the par t ic le  number. 

If the Greek-letter designation i s  used and 

Examples : 

Sa te l l i t e  Punched De signat ion 

1961 0.1. 
1961. a.B2 

1961 ALPHA 1 or  1961 1 A 
1961 ALPHA BETA 2 o r  1961 26 B 

S a t e l l i t e  ident i f icat ion from the elements is  checked against the 
s a t e l l i t e  number on the observations. If they do not agree, the ob- 
servations cannot be ident i f ied and are therefore rejected.  The first  
card, w i t h  any t i t l e  information, i s  reproduced on the output l i s t i n g .  
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The next f i e l d s  define t h e  form of the equations defining the 
f ive  elements and indicate whicn coefficients w i l l  be t rea ted  as un- 
knowns. 
have one or more sine terms and one or more hyperbolic terms added. 
The independent variable i s  t i m e  from epoch. The polynomial d e f i n i t i m  
of an element, P, must come first ,  followed immediately by the degree 
n of the polynomial, then by n + 1 dig i t s ,  e i ther  0 or 1, depending on 
whether the corresponding coeff ic ient  of the polynomial i s  t o  be constant 
or improved. A third-degree polynomial w i t h  constant and l inear terms 
as variables would thus be P3llOO. Sine terms, which always have three 
coefficients,  are of the form 

Each element must have a polynomial ( 0  t o  7th order);  several 

so s i n  (sl + s2t); 

the variation of any of tnese coeff ic ients  i s  expressed as a d i g i t  f o l -  
lowing the S designation; f o r  example, S l O O  mans vary the S term. The 
hyperbolic terms are of the  form 0 

The variation of any coefficient i s  shown by a d i g i t  following the H 
designation, where T is  the  epoch (e.g., H100). 

The elements are defined i n  the following order: 

w = argument of perigee; 
0 = argument of the ascending node; 
i = inclination; 
e = eccentricity;  
M = mean anomaly. 

For example, i f  

w = w  + w t + m s i n ( w  + a t ) ,  
0 1  2 3 4  

" = % + c $ t  +n*t  2 , 

e = e  + e t ,  0 1  
2 M = M + %t + M2t + M s i n  (M4 + M t )  , 

0 3 5 

and a l l  the constant terms and tne amplitudes of the sine terms are t o  
be varied, then t n e  code would be 

..I 



Following t h i s  def in i t ion  are the epoch (double precision, i.e ., two 
numbers) and the coefficients,  appearing i n  the order implied by the 
def ini t ion.  Even when a term equals zero, it nust s t i l l  be punched. 

The previous orb i t ,  when punched, would look l ike  th i s :  

120. 5.2 

.15 10.205631 .01562 . 1 5 z  -3 

.025 1.635~-4 72.1 .i . ~ - 5  

37000. .o 100. .i .oi EO. 3.5 50. 

PllO SlOO E100 Po1 PllO -100 S l O O  

1961 ALPHA 1 TEST CASE 

All the coeff ic ients  must have decimal points. The exponential 
notation (e.g., 1.E-5) i s  frequently used here. 
sary may be used, w i t h  a s  many or as few fields per card as desired, 
provided that there is  a t  l ea s t  one blank between successive fields. 
Some information must precede column 12 on each card, or the card w i l l  
be t rea ted  as  a blank. 
card t o  another. 

As many cards a s  neces- 

Under no condition may f i e l d s  continue from one 

The units of the coeff ic ients  are 

w, 52, i degrees, 

e dimensionless, 

M revolutions, 

w i t h  the  independent variable t i m e  t i n  days. 

Epoch Cards 

Use of the epoch card changes epoch of the orb i t  t o  a new epoch. 
Simultaneously, the orb i t  being computed i n  the machine at  the time is  
updated. Tnis change i s  essent ia l ly  a shif t  i n  the or igin.  The epoch 
card has two numbers, the integer and f r ac t iona l  par ts  of the new epoch. 

Example : 

37000. 0. 
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. I  I !  i I  

IDENT OBS NO STA No 
0 0'0 0 0;o 0 0 0 0 0 0 0 0 0 0 0 

1 1 )  1 1 1 1  1 1  1 1  1 1  1 1  1 1 1  
1 21 3 4 51 G 7 a 6 i o  11 12 13 14 i s  16 17 

2 212 2 212 2 2 2 2 2 2 2 2 2 2 2 
1 1  

I 1  

I 1  
3 313 3 3'3 3 3 3 3 3 3 3 3 3 3 3 

4 414 4 414 4 4 4 4 4 4 4 4 4 4  4 

5 515 5 515 5 5 5 5 5 5 5 5 5 5 5 
I 

6 616 6 6:6 6 6 6 6 6 6 6 6 6 6 6 
I STA NO 

I 

I I  

1117 1117 1 1  1 1  7 1 1  1 1  1 1  

0 010 0 4 0  0 8 8 I 8 0 0 0 0 0 0 

9 919 9 919 9 9 9 9 9 9 9 9 9 9 9 
1 2 I 3  4 5 I 6  7 8 9 10 11 12 15 W I S  16 0 

mC- 

More sopnisticated use of t n e  epoch card involves computing o rb i t s  f o r  
successive epocns. 
periods o f  t i m e .  
the  i n i t i a l  epocn, the f r ac t i cna l  par t ,  the amount of t i m e  s tep,  and the 
interval  of t i m e  t o  be considered w i t h  each epoch. 

This procedure can give consecutive o rb i t s  f o r  long 
This epoch card has four numbers: the integer par t  of 

- 

DATE TIME(u1) R A or hZ DECL or ALT INDEX E N 

0 0;o 0'0 0 0 0'0 010 0'0 0 0 0 0 0 0'0 o p  010 0 0 0 0 0'0 010 010 c 0 0 0 0 0 0 0 0'0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
11) iqm a122 23 H n 1 ~  d n  29130 31 32 33 34 35 36137 58139 40~41 a 4: u 45 4447 4 r h  50151 52 53 5 1  55 56 57 58 59 60'61 62 13 M 65 66 67 60 69 m n 72 73 74 n is  n 78 n 60 E 
1 1 1 1  'Ill 1 1 I l  1;1 111 1 1  1 1  1 1 1 1  111 Ill 1 1  1 1  1 ; 1 1 ; 1  111 1 1  1 1  1 1  1 1  1Il 1 1  1 1  1 1  1 1  1 1  1 1  1 1  1 1  1 1  1 -I 

I 1 1  I l l  I I  I I 
2 2'2 212 2 2 212 212 2:2 2 2 2 2 2 212 212 212 2 2 2 2 212 212 212 2 2 2 2 2 2 2 2 212 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 r 

I I l l  I 1 I 6 
3 313 313 3 3 3:3 313 313 3 3 3 3 3 313 313 313 3 3 3 3 313 313 3l3 3 3 3 3 3 3 3 3 313 3 3 3 3 3  3 3 3 3 3 2 3 3 3 3 3 3 3 3 # 
4 4:4 4,4 4 4 414 414 4:4 4 4 4 4 4 414 414 414 4 4 4 4 414 414 414 4 4 4 4 4 4 4 4 414 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 

5 515 515 5 5 515 515 515 5 5 5 5 5 515 515 515 5 5 5 5 515 5:s 515 5 5 5 5 5 5 5 5 5 l5  5 5 5 5 5 5 5 5 'J 5 5 5 5 5 5 5 5 5 5 

6 616 6:6 6 6 6'6 616 616 6 6 6 6 6 Si6 6;s 616 6 6 6 6 616 616 616 6 6 6 6 6 6 6 6 6 ' 6  6 6 6 6 6 6 6 6 G 6 6 6 6 6 6 6 6 6 6 * 

I 1  I I I 
I I 1  

I l l  I I 

I l l  I l l  I 8 
LOffiIluoE (E) LATITUDE H T ( W  P I STATION NAME !i 

1 1  1 1  1 1  7.7 111 1 1  1 1  1 1  1 7  1 1  1 1  1 1  1 1  1 1  1 * I 
a 0 0 0 a 0 0 a 0;a a 8 8 8 8 8 a 0 0 0 a 0 0 8 0 0 0 0 a 

I l l  
1117 111 1 1  117 111 111 1 1  1 1  1 7 ' 7  

0 8 ; s  0:110 0 01s 818 810 0 8 0 0 0 010 
I I  I 

I I l l  I 
9 919 919 9 9 919 919 919 9 9 9 9 9 919 9 9 ! 9 9 9 9 9 919 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 
M IBlm Zll22 2324 ?5m Zlln 2JpO 31 32 3%34 35 Jw37 5263 54 55 56 57 58 59 60161 62 63 M 65 66 67 68 69 70 71 72 13 74 75 76 TI 78 79 80 

Example : 

37000. 0 .  2. 4. 

I n  t h i s  example the epoch of the f irst  orb i t  i s  t o  be 37000.0, using the 
observations from 36998.0 t o  37002.0. 
the observations from 36999.0 t o  37003.0, and s o  on. 
t h a t  the observations are chronological and continues t o  compute them 
until the input f i l e  i s  exhausted. 

Observation Chrds 

The next orb i t  i s  37001.0, using 
The program assums 

The observation-card format i s  fixed. By January 1, 1964, a l l  t he  
observation cards a t  SA0 were in the format represented i n  f igure 6. 
Columns 1-12 are the ident i f icat ion,  which consists of two fields. 

1 I I 

I I I 

I I I I I l l  
I I 

I l l  
I l l  

I l l  
I l l  

I I  1-1 1 ,  

Figure 6. --Sample observation card. 

Co~umns 1-7 contain the s a t e l l i t e  designation, which remains the same 
for  a l l  observations of the same object: 

c o k .  1-2, the year of launch, from 1900; 
cols. 3-5, the number of t h e  launch i n  tha t  year; 
cols. 6-7, the par t ic le  number. 

Sa t e l l i t e  1959 al, fo r  example, would be designated 5900101. 
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Columns 8-12 contain the observation number. Each observation 
of a s a t e l l i t e  i n  a given year is designated by a different  number. 
A numbering scheme aids i n  identifying different sources of observations : 

1- 9999 Catch-all 
10000-19999 Baker-Nunn, field-reduced 

30000-39999 } Moonwatcn 
20000 -29999 

40000 -49999 
50000-59999 \ Btiscellaneous observations 60000 -69999 
70000-79999 Baker-Nunn, precisely reduced 
80000 -89999 Minitrack 
90000 -99999 1 

SA0 uses a ( - )  punch i n  column 1 t o  indicate tha t  an observation has 
been published. 

I The s a t e l l i t e  ident i f icat ion on each observation card and the 
ident i f icat ion of the orb i t  are compared; i f  the two do not agree, the 
observation i s  rejected.  
use of observations, as the program w i l l  not proceed automatically t o  I This fac t  w i l l  - not be useful  for  selective 

I the next. 

I Co~umns 13-17 contain the s ta t ion number. 

Columns 18-23 contain the date of the observation: 

cols.  18-19, year, from 1900; 
cols. 20-21, month; 
cols. 22-23, day; 

I 

An observation made on May 29, 1961, f o r  example, would be indicated by 
610529. 

Columns 24-33 contain the time designation. Different types of 
observations have different  time systems, which are not based on loca l  
time. The systems fo r  each tSpe are 

Fie I d  -reduced Baker - N u n n  - -WwV re  ce ive d ; 
Photoreduced Baker-Nunn--Al; 
Minitrack--WWV emitted; 
Some field-reduced--WWV emitted; 
Moonwatch--W received. 

C 0 l . S .  24-25, hour; 
cols . 26-27, minute; 
cols.  28-29, seconds; 
cols.  30-33, fractions of seconds, t o  .1 millisecond. 

Column 56 contains a code tha t  indicates the type of observation 
The interpretation of t n e  following f i e lds  depends on (see page 38). 

column 56. 
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If column 56 is  0, then the observation i s  r i g h t  ascension, dec l ina t ion  
(a, s), and 

c o l  . 
cols  . 
cols  . 
cols  . 
c o l  . 
cols  . 
cols  . 
cols  . 
cols  . 

cois  . 34 , 
35-36, 
37-38, 
39 -40, 
41-43, 
44, 
45 -46, 
47-48, 
49-50> 
51-52, 

blank; 
hours of a; 
minutes of a; 
seconds of a; 
f r a c t i o n  of seconds t o  .001 second; 
s ign of 6; 
degrees of 8 ;  
minutes of 6; 
seconds of 6 ;  
f rac t ions  of seconds t o  .01 second. 

If column 56 is  1 or 3, then the observation i s  a l t i t u d e  and azimuth, 
corrected or uncorrected f o r  re f rac t ion ,  and 

degrees of azimuth; 
minutes of azimuth; 
seconds, of azimuth; 
f rac t ions  of seconds t o  .001 second; 
blank; 
degrees of altitude; 
minutes of al t i tude ; 
seconds of altitude; 
f r a c t i o n s  of seconds t o  .01 second. 

If column 56 is  4 o r  5, then the observation i s  d i r e c t i o n  cosines ( R , m ) ,  
corrected or uncorrected f o r  re f rac t ion ,  and, 

col .  34, s ign of 1 (blank or minus); 
cols .  35-42, 

col .  43, blank; 
col .  44, s ign of m (blank or minus); 
co ls .  45-52, 

1 t o  8 decimal places (decimal point implied before 
column 35); 

m t o  8 decimal places (decimal point implied before 
column 45); 
n = \ R  F + m .  

If column 56 is 6, then the observation i s  range, and 

col .  34, blank ; 
cols .  35-42, Y? 37 

i n  megameters (decimal point implied before c o l  
allows range observations t o  be specif ied t o  10' 
megameter or 1 meter). 
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Column 53 contains the time-precision index defined as follows 
(veis,  1959) : 

Code Number 

0 

1 

Standard Error  i n  T i m i n g  
( U  t )  

No estimate 

5 . 0 0 0 3 ~ ~ ~  t 

.02 < Q I; .05 t 5 

6 

7 

8 

9 

.05 < s .2 

.2 < 0 I; .5 

.5 < Q 5 2.0 

t 

t 

t 
at > 2.0 

This code i s  not normally used, but it is referred t o  under the USEWMX 
control option. 

Columns 54-55 contain the position precision index, defined as 
follows (from Veis, 1959) : 

Standard error i n  direction Code Standard e r ror  i n  direction - Code - 
number 0 number ( a  D) - 

00 No estimate 

01 o s 1 ~ 5  D 
1'!5 < a s 275 

D 
02 

03 2'!5 < oD s 3'!5 
3'!5 < a s 4'!5 04 

4'!5 < 0 s ' 5'15 05 

06 5'!5 < oD I 675 

D 
D 

6'!5 < o s 7'!5 
D 

775 .=c a I 8'15 D 
8'15 < o s 9'15 D 
9'15 < CJ s 10'15 D 

10'15 < o s 11'15 
D 

11'15 < a I; 12'15 
D 

12'15 < o 1375 D 

07 
08 

09 
10 

11 

12 

13 
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Code Standard error  i n  direction Code - Standard e r ror  i n  direct ion 
U 

- 
number ( U D )  - number P 
14 
15 
16 
17 
18 
19 
20 

21 
22 

23 
24 

32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 

1!7 e CY I 211 D 
211 < o s 2!7 

D 
2!7 < CY s 3!5 D 
3!5 < 0 s 4!4 D 
4!4 < s 5!8 

D 
5!8 < 0 I 7!5 

D 
7!5 < (7 5 9!7 D 
917 u I 13' 

D 
13' 0 s 17' 

D 
17' < CT s 22' 

D 
22' < CY 5 28' D 
28' < u 5 37' 43 D 

45 D 

47 D 

25 29" aD s 33" 
26 

38" c u s 45" 27 
45" < CY s 54" 46 28 
54" < 0 s 1!1 29 
i!i < CY s 1!3 48 30 
1!3 < o s 1.17 49 31 

37' < CI s 49' 
49' e CY < 191 

D 
33" < u s 38" 44 

D 

D 

D 

D 
D 

D 

191 < CI I 194 
194 < CJ 5; 198 
198 < u 5 294 
294 e CY 

D 

D 

D 

This precision index is  used only w i t h  photoreduced observations. 
A l l  other observations use the precision input w i t h  the s ta t ion  coor- 
dinate cards (see BINSTA control card, page 41). 

Column 56, as  we have seen, contains the index of observation 
types, defined as  follows: 

Index Explanat ions 

0 Right ascension, declination 

1 

2 I l l ega l  

3 
4 
5 
6 Range (megameters) 

A l t i t u d e ,  azimuth (corrected f o r  refract ion)  

Altitude, azimuth (uncorrected f o r  refract ion)  

i , m  (direct ion cosines, corrected fo r  refract ion)  

R , m  (direct ion cosines, uncorrected fo r  refract ion)  
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Column 57 contains an index referr ing t o  the date  of equator and 
equinox t o  which the observation i s  re fer red  (meaningful f o r  r i g h t  
ascension, decl inat ion only).  

Code 
number 

0 

- 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Index Date 

Date of observation 
- 

1855 .o 
1875. o 
1900.0 

1950.0 

Column 58 i s  tne  instrument description (ignored by the program): 

Code Electronic  - Optical 
ob servat  ions number observat ions 

Naked eye and binoculars, 0 Minitrack Mark 1. 

Standard Moonwatch telescope, 1 Minitrack Mark 2. 

Apogee telescope, astronomical 2 Interferometer observations 
from r a d i o  observatories 

v i sua l .  

v i sua l .  

r e f r a c t o r  or  reflector, 
theodolite,  visual .  

Baker - N m  camera, photographic. 3 Doppler observations from 

Small missile telecamera, 4 Microloek. 

r a d i o  observatories.  

t racking cameras w i t h  f o c a l  
length 20 inches or greater ,  
photographic. 

w i t h  f o c a l  length less tnan communications systems. 
20 inches, photographic. 

Schmidt 1, photographic. missiie ranges. 

w i t h  f o c a l  length equal t o  
or  less than 10 incnes, 
photographic. 

Cinetheodolite, t racking camras 5 Doppler observations from 

Harvard meteor camera (Super- 6 Doppler observations from 

Stat ionary telescope or camera 7 Radar. 

Stat ionary telescope or camera 8 
w i t h  f o c a l  length grea te r  
than 10 inches, photographic . 
unknown. 

Other instruinents, or instrument 9 

Unused d i g i t .  

Miscellaoeous . 
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Columns 59-64 indicate range and direct ion.  If an observation 
includes both a range and a direction, the direction i s  punched w i t h  
the appropriate code i n  column 56 and the range i s  punched i n  columns 
59-64. If a range i s  not available, these columns must be blank. 

cols. 59-63, range i n  kilometers (decimal point implied before 

col.  64, parer of 10 multiplying the range. 
CO~LUM 60); 

In the least-squares solution a l l  observed quantit ies from the sam 
observation receive the same weight. Note, however, t ha t  i n  the case 
of radar observations, fo r  instance, t h i s  i s  not necessarily true. 
careful.  

Be 

Columns 65-71 contain the conversion from the UT2 t o  the A 1  t i m e  
system, i.e., Al-UT2 

COL 65, s i g ;  
cols. 66-67, tens and units d ig i t s  of seconds (maximum correction, 

cols. 68-71, fractions of seconds t o  .1 millisecond. 
99 seconds); 

Columns 73-78 contain alpha numeric information identifying the 
s ta t ion  or observing s i t e .  

N . B . :  Control cards and observations may not be intermixed i n  the input deck. 

Control Cards 

The following control cards are ident i f ied by the  f irst  alpha numeric 
f i e l d  on the card. This f i e l d  must start before column 12. The free-f ie ld  
conventions hold (see page 31). 

1. The aster isk comment card 

* OUTPUT TAPE. 

* PRINTED ON-LINE AND ON TAPE 

* COMMENT CARD 

2. The USE card 

Only the observations from the s ta t ions punched on th i s  card w i l l  
be used i n  t h e  following run. If more than one card i s  needed t o  l i s t  
the s ta t ion numbers, each successive card should a l so  have USE punched 
on it. This card, operative fo r  the next s a t e l l i t e  only, must precede 
the observations. 

USE 9004 9005 9006 
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3. The $MIT card 

BINSTA 

Observations from stat ions punched on this  card w i l l  be omitted 
i n  the following run. 
s t a t ion  numbers, each additioaal card should have @ M I T  punched on it. 
"his card, operative fo r  the next sa t e l l i t e  only, must, l i k e  the USE 
card, precede t n e  observations 

If more than one card i s  needed t o  l i s t  the 

4. The BINSTA card 

The D#I  uses a binary s ta t ion  tape f o r  input of the s ta t ion  coor- 
Generally the tape i s  on B5 (see I@APE, page 42);  i n  normal dinates.  

circumstances it is  prepared ahead of t i m e  and mounted a t  running time. 
The BINSTA card instructs  the program t o  write a binary s t a t ion  tape. 
The s t a t ion  coordinate cards, which follow tne BINSTA card, are terminated 
by a blank card. Each card has the following information, i n  this  order: 

Stat ion number 

s ta t ion  coordinates (megameters); 
Z 
Q s ta t ion  la t i tude (radians); 
x 
0 

s ta t ion  longitude (radians); 
s ta t ion  weight, o r  assumed accuracy (seconds of a r c ) .  

") 

A second numeric f i e l d  may be punched on the BINSTA card. If t h i s  
f i e l d  is  not zero, tnen the coordinates are not writ ten on tape but 
stored i n  t n e  machine. The following BINSTA card overrules t h i s  operation. 
If t h i s  f i e l d  i s  zero and no coordinates follow ( tha t  is ,  i f  the next card 
i s  blank), tnen t n e  coordinates are taken from the binary tape. 
allows the user t o  use the binary tape on one orbi t ,  read i n  the coordinates 
for  t h e  next orbi t ,  tnen use the tape for  a th i rd  orb i t .  

- 

This 
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The binary tape candets  of one long record terminated by an Em. 
The f irst  word on the tape i s  tne code word 223145626321 i n  octal ,  
that is, the binary equivalent of BINSTA. 
made up of 8-word groups: 

The r e s t  of the record i s  

Word - Contents Units 

1 Weight as a f loat ing -point number j Radians 
the address contains the s t a t ion  number 

2 

s t a t i o n  coordinates 

Z 

@ = s ta t ion  astrometric la t i tude 

'i 3 

4 

5 s i n  (Q) 

6 cos (@)  

Megameters 

X = s ta t ion  longitude 
7 s i n  ( A )  

8 cos ( A )  

The stations are sorted i n  ascending order, according t o  s ta t ion  number. 

5. The I@APE card 

This card ehables the user t o  change the tape units a t  run t i m e .  
has two data f ie lds ,  the f irst  designating the logical  function t o  be 
changed and the second indicating the u n i t  t o  which it i s  t o  be changed. 
The unit  designation may be either symbolic (e.g., A3) or numeric (e.g., 
BELL SYS 3-4). 

It 

I#TAPE SYSIN A4 

The standard se t t ing  of the units i s  

Code Tape function - 
SYSIN Input tape 
SYSfiWC Out put tape 
SYSPLl Pool tape A 
SYSPL2 Pool tape B 
SYSDPL Duplicate tape 
SYS??UN Punch output tape 
SY SBST Binary s t a t ion  tape 

Nominal se t t ing  

A2 or 2 
A 3  or 3 
~4 or 4 
B2 or 12 
B3 or 13; see DUPLT, p.  44 
B4 or 14 
B5 or  15 
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This card allows the user t o  set the  sense switches as internal  
(up or dam)  or external. 
integers, of which the first specifies the switch (1-6) and the second, 
i t s  m o d e .  

For each sense switch there must be two 

Mode State of switch - 
0 
1 
2 

Internal up 
Internal dam 
Interrogate the console f o r  the 

status of the sense switch. 

The sense-switch set t ings operate a s  follows: 

Switch Normal m o d e  Remark 

1 External up If dam, information--such as  current 
s a t e l l i t e  name, i t e r a t ion  count, and 
diagnostics --is printed on-line. 

2 Ignored 

3 E x t e r n a l  up If down, the current f i le is  stopped; 
the orb i t  i s  writ ten out; and the next 
control card is read. If th i s  switch 
is not returned t o  the up position 
before the next s a t e l l i t e  i s  processed, 
it w i l l  a l so  be terminated. 

4 

5 

6 

Ignored 

External  up If dam, the normal input is from the 
card-reader. 

Internal  up If dam, each record wri t ten on A 3  is 
also printed on-line. This i s  not 
recommended, as it slows the program 
dUWI- 

SSWT 1 0  2 1 3  2 

7. The NPRINT card 

W i t h  t h i s  card t h e  program never references the pr inter  but logical ly  
disconnects it and overrules printing diagnostics. 

1 NPRINT 
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8 .  The PRINT card 

The PRINT card logical ly  reconnects the printer,  say a f t e r  an 
NPRINT card has been used. 

1 PRINT 

9 .  The G#, GgBACK, and DUPLT cards 

These three control cards are related.  Several D @ I  runs often 
use the same se t  of observations. This se t  of cards allows the user 
t o  input the observations once and use them several times. 

When the DUPLT card i s  placed before the observation cards on 

This f i l e  i s  
the input tape, it causes a l l  observations of the next s a t e l l i t e  t o  be 
writ ten on a pool tape (SYSDPL, which i s  usually B3).  
processed in the usual manner. 

If the user wants some other tape unit, he punches tha t  tape number 
i n  the second f i e l d  on the card. 

The two cards 

[ I@APE SYSDPL B2 

have the same ef fec t  as: 

DUPLT B2 

When the observations are t o  be reused, say a f t e r  another s e t  of 
elements has been input, the G@ card w i l l  cause G#BACK t o  be writ ten 
on SYSDPL, th is  tape t o  be rewound, and the input t o  be taken from it. 
In  the deck set-up for  t h i s  second f i le ,  the G# card replaces the obser- 
vation cards. G@ cards may be used several times. 

The G@BACK card causes the program t o  read the next record from 
SYSIN. 
card, since it i s  automatically writ ten on SYSDPL. 
however, written i n  BCD i n  order tha t  it may be prepared off-l ine.  
In  off-line preparation, the GgBACK card should be the last one writ ten 
on the tape. 

The user generally need not concern himself w i t h  the G#BACK 
This data tape is, 

-44- 



10. The AGAIN card 

This card allows tne program t o  redefine the coef?’icients t o  be 

Since these observations must be on the SYSDPL tape, a DUPLT card 
V a r i e d  and t o  proceed w i t h  a D B I  run on the  observations already read 
in.  
m u s t  precede them (see the DWEC control card). As w i t h  the element- 
def ini t ion card, any alphabetic information punched on t h i s  card w i l l  
be printed on tne  output l i s t i ng .  
the sam P3llO S100, etc., but tney are not followed w i t n  the numerical 
values. 
defined must agree exactly; otherwise the program re j ec t s  the card and 
proceeds t o  the end-of-run procedures. N.B.: This card assumes that a 
D U P U  card has been previously sent; it has the e f f ec t  of a G($ card. 
The def in i t ion  must be followed by a t r a i l i n g  numeric f i e ld .  

The elements are redefined by using 

The form of the equations and the number of coefficients . 

I pi00 pi00 poo poo ~31100 
I 

AGAIN 

11. The BSF card 

This card causes the tape defined by the second f i e l d  t o  backspace 
one f i le.  The tape may be designated by i t s  logical  function, i t s  sym- 
bolic  name, or i t s  number ( e  .g. , BESYS 3). In the following example the 
three cards are equivalent: 

12. 

the 

13 9 

I 
BSF B3 

I 

The BSR card 

This card instructs  tne tape defined by the second field t o  backspace 
number of records indicated i n  the t h i r d  f ie ld .  

The RUN card 

Use of t h i s  card causes the tape designated by the second f i e l d  t o  be 
rewound and unloaded. !These three cards are equivalent : 

RUN 2 

I 

RUN SYSIN 
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14. The FEN card 

This card causes the tape designated by the second field t o  be 
rewound. These three cards are equivalent : 

I I 

REW SYSPLl 

15. The WF card 

The WEF card causes an EOF (end of f i le)  t o  be writ ten on the tape 
designated by the second f ie ld .  These three cards are equivalent: 

16. The PAUSE card 

This card, en t i r e ly  printed on the on-line printer,  causes the 
program t o  halt. 

PAUSE: THIS MAY I?& A MEANIPJGFUL MESSAGE 

17. The SYSIIEM card 

This should. be the last card of any run, as it i n i t i a t e s  f i n a l  
clean-up of buffers, push-down l ists ,  e t c .  
w i t h  an EOF on the SYS@l! tape and returns control t o  the monitor system. 
The current version of the program r e w i n d s  A 1  (the system tape) and loads 
the first record. 
means of a small patch. 

It then terminates the job 

Returns t o  more exot.ic systems can eas i ly  be made by 

SYSTEM 

18. The STAVAR card 

The D$I program can t r e a t  the s t a t ion  coordinates as w e 1 1  as the 
o r b i t a l  elements as unknowns and can compute corrections t o  them. 
three coordinates must be improved. The STAVAR card defines, by numker, 
the stations t o  be improved. Groups of s t a t ion  numbers are separated 
by zero8. The program can solve f o r  s t a t ion  coordinates only, f o r  
o r b i t a l  elements only, or f o r  any combination of these. 

A l l  

It can a l so  

-46- 



compute one se t  of corrections (ax, dy, dz) for several  s ta t ions (e.g., 
the s ta t ions of the same geodetic datum),using the observations from 
a l l  those stations.  Free-field conventions, of course, a l so  apply. 
If more tnan one card i s  needed t o  define the s ta t ions,  successive 
cards must have STAVAR punched as  the first field.  Since a n e w  set of 
elements redefines the unknowns, a f t e r  a run w i t h  s ta t ions as  unknowns, 
the user must use a STAVAR card, w i t h  no s ta t ions l i s t e d  on it, i f  he 
does not w i s h  t o  vary the stations.  

9001 9002 0 9003 0 STAVAR 

STAVAR 9004 9005 

The above example indicates that three sets of corrections are t o  
be computed, one fo r  9001 and 9002, one fo r  9003, and one f o r  9004 and 
9005. Tne stations,  w i t h  t h e i r  corrections, are printed on the output 
l i s t i n g  . 
19. The C@NST card 

The D @ I  u t i l i ze s  cer ta in  basic physical constants, o w  or more of 
which the user may w a n t  t o  change. 
t o  use the number indicated i n  f i e l d  3 i n  place of the constant speci- 
f ied  i n  f i e l d  2. The constants that can be changed w i t h  these cards 
are 

The C@NST card causes the program 

Symbol Field 2 Use I n i t i a l  value Units 

Constants for  rotation, 6.1991868E-7 
Mm see R@I and R@II 1 1.8548753-12 

Constants for 

A 1  t i m e  t o  UT 

Mu$ I 
-0 153791~-6 
0. ATT 

J J 2nd harmonic term i n  .0660546 Produces a 
E a r t h  ' s potential  i n  megameters 

GM GM obvious 274.5391 Produces n i n  
revolutions 

An example would be: 

1 C@NST GM 274.59270 

These constants w i l l  remain in effect u n t i l  a later CflNST card C h a n g e B  
them. This card i s  printed on the Output l i s t i ng .  
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20. The R@I, R @ I I  control cards (see page 2 and 5 )  

There are  two options for  reducing observations i n  a, 6 t o  
The R @ I I ,  which adds the optional ro ta t ion  direct ion cosines. 

t o  a l l  observation reductions, r emins  i n  e f fec t  U n t i l  a R @ I  i s  
input. The R @ I  card se t s  the rotations back t o  the normal m o d e  
A memorandum by Kozai (1961) explains more f u l l y  the meanings of 
these terms. 

21. The MAR card 

This card changes the D$I from a least-squares program t o  a precise 
mean anomaly residual program. The D # I  regularly assigns a convergence 
l i m i t  and a maximum i t e ra t ion  count; i f  the user wishes t o  change them, 
he must s o  indicate i n  f ields 2 and 3. The program sets the convergence 
a t   LE-^ revolutions i n  M and the maximum i te ra t ions  a t  60; these figures 
are used if there are no number5 on the card. The i t e r a t ion  count is  
printed w i t h  each observation. This card remains i n  e f fec t  fo r  the next 
set of observations. Successive orb i t s  must have their  own MAR cards. 
If the convergence l i m i t  and i te ra t ion  count do not appear, t n e  values 
set previously are used. 

The program proceeds, observation by observation, t o  compute dM (see 
page 54), then adds th i s  in to  % of the mean anomaly equation. 
recomputes dM and repeats t h i s  cycle u n t i l  the computed is less than 
the convergence l i m i t  or has been computed more times than the count l i m i t .  

It then 

The o r b i t  def ini t ion of the s a t e l l i t e  must not have any coefficients . - 
t reated as unknowns. This MAR card appears on the output l i s t i ng .  

r MAR l .E-6 20 I 
22. "he MAXITR card 

The least-squares i t e r a t ion  procedure sets a maximum of 20 i te ra t ions .  
If' th i s  m u s t  f o r  some reason be changed, the MAXITR card sets a n e w  limit, 
which i s  punched i n  the second field. A t  the end of the next run the  
i t e r a t ion  count i s  rese t  t o  20. 

23. The REITER card 

This card, which should follow the &st observation of a run, hi- 
t i a t e s  another mode of operation. When the normal D # I  run i s  completed, 
two more i terations are performed; these use residuals i n  du and dw and 
the f ina l  orbi t  from the normal run, ra ther  than residuals i n  cos 6 da, 
dt3. The residual i n  the plane of the orbi t  i s  du; dw i s  perpendicular t o  the 
orbi t  (see Izsak, 1961b). 
here as the  previous run. 
of two quantities; it cannot be used if  s t a t ion  coordinates were the un- 
knowns on the previous run. 

This operation solves for  the same unknowns 
This method can be used only w i t h  observations 

1 FPITIXR 
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24. The PURETR card 

This card has the same effect  as the REI!L'ER card but causes the 
reduced observations t o  be writ ten on SYSPUN i n  binary so tha t  they 
may be used as input i n  another program. Replacing the  REITER card, 
the PURETR i s  reproduced on the output l i s t i ng .  

The format of the binary card i s  

Word 

1, address (observation number), decrement ( s a t e l l i t e  code). 
N.B.: 'The decrement i s  s p l i t  because the fourth oc t a l  d i g i t  has 
the column binary 7-9 punch needed t o  ident i fy  binary cards. 
standard e r ror  of the observation ( f loa t ing  point i n  radians). 2, 

Words 3-4 contain the t i m e ,  w i t h  the speed of l ight  subtracted: 

3, time in MJD ouble-precision f loat ing point) .  4, time i n  MJD 

Words 5-12 contain the values of the mean elements a t  the t i m e :  

5, 
6, argument of ascending node, (radians); 
7, inclination, i (radians);  
8, eccentricity,  e (dimensionless); 
9, &an anomaly, M (radians); 

argument of perigee, u) (radians); 

10, 
11, 
12, 

Eccentric anomaly, E, e.g., solution of Ikpler's equation (radians); 
semimajor axis, a, w i t h  second harmonic term (megameters); 
mean motion, n, w i t h  second harmonic term (revolutions, days -1); 

direction cosines, X,Y,Z of the s a t e l l i t e  position, w i t h  the short- 
period perturbations caused b y  the second harmonic; 

16, 
17, 

23 , 
24, 

s lan t  range, p, from observing s ta t ion (megameters); 
the observed right ascension, s in  a, w i t h  the appropriate reductions 
(the low-order b i t  contains the sign of cos a); 
the same informtion as above f o r  declination, s i n  6; 
residual i n  the plane of the o r b i t ,  du (seconds of a rc ) ;  
residual perpendicular t o  the plane of the orbi t ,  dw (seconds of arc) ;  
residual i n  mean anomaly, dM (revolutions); 
sine of the position angle, JI (the low-order b i t  contains the sign 
of the cos x); 
sine of the sidereal angle, 8 (Yne law-order b i t  contains the sign 
the COS e ) ;  
che cksum . 

Columns 73-80 contain i n  BCD the  s a t e l l i t e  code and the l a s t  four 
These columns may be interpreted t o  d i g i t s  of the observation number. 

ident i fy  particular observations. 
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25. The PI,@ card 

- 
( OBSERVATIONS ) 

A simple plot t ing routine incorporated i n  the program t r e a t s  one 
1403 printed page as  a 100-50 grid ( X  axis = 100; Y axis = S O ) .  
Ofl I  can p lo t  any calculated paralaeter as a fmc t iun  of any other cal-  
culated paramter. A t  present the program contains a l i s t  t ha t  in- 
cludes t i m e  from the epoch of tne elements ( T ) ,  residuals i n  declination 

The 

(DEC), residuals i n  r ight  ascension (RA), and residuals 
The l is t ,  however, i s  eas i ly  expanded. 

i n  d M  (DM) . 

The PI,@ card contains 7 or 8 data f ie lds :  
1, BCDnameF'L$E; 
2, 
3, 
4, 
5, 
6, 
7, 
8, Optional; take every n-th point ( integer) .  

BCD name of X-axis variable ( e  .g., T ) ;  
BCD name of Y-axis variable (e.g., DM); 
Numerical value of left-hand side of X axis 
Numerical value of right-hand side of X axis ( f loa t ing  point); 
Numerical value of bottom of Y axis ( f loa t ing  point); 
Numerical value of top of Y axis ( f loa t ing  point);  

f loa t ing  point I; 

A l i m i t  of 400 points can be plotted. Some f i e lds  of observations, 
however, may contain more than t h i s  number; th i s  card allows for  a selection. 

PL@ T DM 0 .  5. -1.E-4 1.E-4 3 

This card, which may be used w i t n  any type run, w i l l  work on the stepping 
mode (see Epoch cards, page 33). 

26. The MANYST card 

Normally, for  improving s ta t ion  coordinates only one s a t e l l i t e  orb i t  
may be used. For purposes of s t a t ion  determination only, however, many 
orbi ts  (of the  Sam or of different  s a t e l l i t e s )  may be combined, w i t n  the 
res t r ic t ion  that  no elements of any of the orb i t s  may be t reated as un- 
knowns. (The s ta t ions t o  be improved must s t i l l  be defined w i t h  STAVAR 
cards.) 
the program t o  continue reading cards U n t i l  a CYCIE card, which signals 
the end of input for  the current run, i s  read. The observations must 
d i r ec t ly  fol low the corresponding orbi t ,  even though other control cards 
may also be present. 

The MANYST card precedes the orbi ts  and observations and causes 



27. The CYCLE card 

T h i s  card, which m u s t  appear only i n  connection wi-t'n a MANYST 
card, terminates the input f o r  a run. 

C Y C U  

28. The LUNIS@ card 

T h i s  card instructs  tne program t o  add luni-solar perturbations 
t o  the o rb i t a l  element. Since it affects only the following f i le ,  it 
must be input again before, fo r  example, a REITER card, if the luni-  
solar  perturbations are t o  be added for both of the i te ra t ions .  

I LUNIS@ 

A comment indicating tha t  luni-solar perturbations have been added t o  
the current orbi t  i s  printed. 

29. The PIS card 

This card instructs  the program t o  p r in t  the first n computations 
of the luni-solar perturbations and the  mean elements fo r  the next 
s a t e l l i t e .  Although it i s  primarily a debugging tool ,  it may be put t o  
more general use. 

The second field contains n; i f  t h i s  f i e l d  i s  vacuous, then a l l  
values are  printed. The luni-solar perturbations are computed only once 
for  each observation. 

30. The INVERS card 

This card instructs  the program t o  pr int  the matrix inverse of the 
k a s t - s q l m e s  solution at the end of the next run. This matrix, which 
i s  unscaled, i s  sometimes referred t o  as the variance-covariance matrix. 

31. The C@RRXL card 

When t h i s  card is  used, the program pr in ts  the correlation matrix 
O f  the least-squares solution a t  the end of the next run. 
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32. The MATRIX card 

The MATRIX card, unscaled, ins t ruc ts  the program t o  pr int  the 
least-squares matrix each t i m e  it i s  about t o  be inverted. 

I mmIX 
33. The PNDM card 

I 

T h i s  card instructs  the program t o  produce on SYSPUN a BCD punch- 

Generally used w i t h  the MAR option, it may be used w i t h  any 
card output suitable for  input t o  the EA1 dataplot ter .  
vs. T. 
other option except the PUIiETR, which would produce a mixed-mode SYSPUN tape. 
The card fo rma t  i s  described i n  Norris and Kawachi (1961). 
number i s  in the annotation f ie ld ;  the weight, i n  the comments f k l d .  
The control card consists of four numeric fields: 

It punches dM 

The s t a t ion  

1 Integer part  of t i m e  or igin (days, w i t h  decimal point) 
2 Fractional par t  of time origin (days, w i t h  decimal point) 
3 Scale factor  for  t i m e  scale 
4 Scale factor fo r  d~ scale.  

If any f ie lds  are missing, they are assumed t o  be 0, 0, loo., and 1.E5, 
respectively . 

1 PNDM 37000. .O 10. 1 .E4 

34. The TIME card 

When the program reads t h i s  card, it reads the on-line clock 
(accurate t o  .01 hour) and writes the t i m e  on the output. 

I 
35. The TIMER card 

This card instructs  the program t o  pr int  the t i m e  w h e n e v e r  a new 
orb i t  i s  read in .  

36. The N@IME card 

The N@IME mode, which i s  the normal mode, nu l l i f i e s  the TIMER 
card. TIME cards may be included even when the program is i n  the TIMER 
mode. 

B l a n k  cards should not appear i n  the deck except t o  terminate the 
s t a t ion  cards, as they bring the program t o  a ha l t .  Pressing START w i l l  
cause the program t o  rese t  and attempt t o  read tne  next control card. 
This is  not, however, the recommended procedure f o r  the f i n a l  stop, nor 
i s  operator intervention. The SYSTEM and PAUSE cards have been provided 
f o r  these purposes. 
reasons and as an aid i n  debugging. 

The blank-card convention is  retained fo r  h i s to r i ca l  
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output 

Orbit 

The input o r b i t  i s  pr inted W i t h  each element designated by the 
degree of the polynomial followed by the n +  1 coef f ic ien ts ,  followed 
on succeeding l i n e s  by S ’ s  w i t h  three coeff ic ients .  Output cons is t s  
of the same uni ts ,  i n  the same order i n  which the material w a s  input.  
The variable parameters are followed by the d i g i t  1 and are output t o  
t h e  same accuracy as tne input.  

The f i n a l  o r b i t  is output i n  much the same manner, except tha t  
the improved q u a n t i t i e s  are output t o  the  accuracy t o  which they  were 
computed. The two d i g i t s  following the n e w  parameter represent the 
uncertainty i n  the last two d i g i t s  of the number (e.g. ,  272.35125 27, 
which means that  the number has an uncertainty of f .OOO27). 
c e r t a i n t y  is computed from the variance-covariance matrix. Tf we are 
i n t e r e s t e d  i n  the i - th  var iable ,  the uncertainty would be 

This un- 

0 X (converted t o  the relevant u n i t s ) ,  
11 

where a i s  an element of the variance-covariance matrix, and 0 i s  

the over -a l l  standard e r r o r  of the solution. 
ii 

If u) and M are variables,  one can look a t  the uncer ta in t ies  of 
the o r i g i n  

d(% + M O L  

as w + Mo. 
computed from 

It i s  more meaningful, however, t o  consider 
0 

where a i s  the variance-covariance element of M * a i s  the  element 

of uG; and a i s  the off-diagonal element common t o  both.  This i s  t o  

say tha t  Mo i s  the i - t h  variable,  and w the j - th .  0 

If s t a t i o n  coordinates, s t a t e d  i n  u n i t s  of megameters, are var iables ,  
the o r i g i n a l  X,Y,Z coordinates are writ ten out. 
known, it i s  wr i t ten  out w i t h  the corrections and the uncertaint ies ,  both 
represented i n  meters. 
contr ibut ions of any sine terms, a r e  wr i t ten  out i n  the following uni t s :  

ii 0’ j j  

i j  

When the so lu t ion  is  

Tne values of the elements a t  the epoch, including 
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Name - 
Perigee 
Argwat  of node 
Inclination 
E c ce nt r i c i t  y 
Anomaly 
&an motion 
Semimajor axis 
Perigee distance 
Perigee distance 

from Earth's surface 

Units Symbol 

degree s 
degrees 
degree s 
dimensionless 
revolutions 
revolutions /day 
me game ters 
me game t e r  s 

megame t e r  s 

where (Jacchia, private communication) 

( 6 0 )  

2 q' = q - Re+ .02144 sin i p ' ;  

sin 'p' = sin i sin W; and 
= 6.378388 megameters. Re 

Each observation i s  printed separately; some are omitted, e i the r  
because of a USE &IT control card or because s t a t ion  coordinates were 
not included on the binary s ta t ion  tape. 

From le f t  t o  r igh t  across the page, one w i l l  f ind: 

(1) hading minus sign, indicating tha t  th i s  observation was rejected 
from the least-squares solution on the l a s t  i t e ra t ion .  In a MAR run a minus 
sign denotes that the maximum number of i t e ra t ions  allowed f a i l ed  t o  produce 
convergence. 

(2) OBS f i e ld ,  which contains the ?-digit  observation number but does 
not include the s a t e l l i t e  designation; STA field,  which represents the 
s ta t ion  number;RS (s) f i e ld ,  which i s  the assumed accuracy of the observation 
used t o  weight the observation ( i n  seconds of a r c ) .  

( 3 )  
conversion added i f  appropriate and t r ave l  time (the speed of l i g h t )  sub- 
t racted.  

TlME (W),indicating tne time of the observation, w i t h  A 1  t o  UT1  

(4) RHO field, the topocentric distance from the s t a t ion  t o  the 
s a t e l l i t e  ( i n  megameters). 

( 5 )  MA f ie ld ,  representing the mean anomaly ( i n  revolutions) of the 
observation. This f ie ld  i s  especially important for discovering e r rors  i n  
tne run. A good least-squares solution i s  c r i t i c a l l y  dependent on good 
dis t r ibu t ion  in the mean anomaly. 

(6 )  The DM (REV) f i e ld ,  representing the e r ro r  i n  mean anomaly expressed 
as  a derivative ( i n  revolutions).  The value of dM i s  computed by 
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d M  = @ ’  
but 6 r  is  defined d i f fe ren t ly  for range, direction, and position ob- 
servations. 

If w e  defim the unit vector along the orbi t  as  

then for  range observations (see figure 7) 

, 

orbital 
/motion 

\ 
Figure 7. --Value of Fr for  range observations. 
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For d i rec t ion  observations (see f igure  8) 

orbital 
/mot ion 

For posi t ion observations (see f igure  9)  

- 4  6 r  = Ar * T  . 

Figure 9.--Value of 6r f o r  posi t ion observations. 
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Then, f o r  a l l  cases, if 

and w e  have br/hM (see equation (29 ) ,  page 18), 

(7) DEC (S), RA (S) ,  which represent the residual  of the observation, 
i n  seconds of arc.  A l l  residuals are expressed i n  d6, cos 6du. 

( 8 )  RANGE ( M ) ,  the residual i n  range, printed i n  meters i f  range i s  
observed. 

The basic s t a t i s t i c s  of each i terat ion are printed. The notation 
104 fo r  example, means tha t  i n  the 0-th i te ra t ion  the ITEX. 0 

standard e r ror  was 132.13 and 104 observations were used. 
t o  real ize  tha t  t h i s  l a s t  number is the number of observations, not the 
number of observed quantit ies.  

132.13 
It is  important 

Diagnostics and Error bkssages 

These messages are printed on-line under SSWl control and on SYS@T. 

(1) ILIEGAL TAPE SEIECTED...UNIT XX XR4 = X x x X X  

This means tha t  one of the system-tape functions has been cnanged 
t o  a nonexistent unit, represented by a number greater than 20, or t o  the 
system tape A l .  
4 aid the user i n  discovering his folly. 
t h i s  way, and here the job usually terminates. 

Tne two-digit tape number and the contents of index reg is te r  
A l l  I-$ functions are checked i n  

(2 )  What looks very much l i k e  a console dump i s  actual ly  an un- 
classi f ied e r ror .  Miscellaneous STR instructions, as w e l l  as e r ro r  returns 
from subroutines, can cause tais. The program generally t r i e s  t o  continue, 
but the user must consult the l i s t i n g  in  order t o  interpret  the cause of 
t h i s  e r ror .  Most l ike ly  it is  a bug in the program, such as a wild stop 
or a loop, which causes the operator t o  enter  STR i n  the  keys t o  get the  
program off the machine (SgP a t  SAO). Index reg is te r  4 t e l l s  where the  
program transferred t o  the  e r ror  routine, o r  i n  the case of a trap,  t o  
location 2, which i t s e l f  transfers t o  the  e r ror  routlcne ( the program l i s t -  
ing i s  well annotated). 
t i o n  of the t rap,  is i n  the address p a r t  of the indicators, and index 
reg is te r  4 a t  the time of the t rap appears i n  the decrement par t  of the 
indicators. 

The address o f  location 0, containing the posi- 

(3 )  THE FOLLOWING STATION COORDINATE CARD Is INCOMPLETE AND WON'T 
BE USED 

This  means tha t  there were not enough data f i e lds  on the s t a t ion  
coordinate card. 
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( 4 )  TOO MANY SATELLITES, OMIT PIiEVIOUS SAT, PROCEED 

I n  the many-satellite mode (see  MANYST cont ro l  card) there is  
an upper l i m i t  t o  the number of different.  o r b i t s  allowed. Set within 
the program a t  30, t h i s  can be changed by reassembling. 
t r ies  t o  continue, processing the observations already read in ,  as i f  
a CYCIX card bad been read. T h i s  means that the following CYCLE card 
w i l l  be t rea ted  as an e r r o r .  

The program 

(5 )  THE FOLLOWING RF,CcIRD IS INCORRECT AND HAS NOT BEEN USED 

Simple checking should be performed on input cards and any 
inconsistencies should be marked as e r r o r s .  A card so flagged usual ly  
has no e f fec t  on the program. Among the more common e r r o r s  are 

(a) 

(b  ) 

( c )  

( d )  

incorrect  number of data f i e l d s ;  

s a t e l l i t e  number not corresponding w i t h  observation 

modal e r rors ,  such as a CYCLF: card not preceded by a 

ar i thmetic  e r r o r s  i n  the e d i t i n g  and reduction of the 

number ( t n i s  is the most common); 

MANYST card or a USEWMX card used i n  a REITER run; 

observation cards ( t h i s  general ly  means an e r r o r  on the card, such as 
an ALT, AZ observation w i t h  the RA, DEC code); 

more than one MANYST card, or one used w i t h  an  incorrect  
option (many options, including G@, G@BACK, DUPLT, MANYST, USEWMX, can- 
not be used w i t h  MANYST cards) .  

( e )  

( 6 )  AGAIN CARD FAULTY, DELETED, CONTIWUED 

If the element d e f i n i t i o n  on the AGAIN card does not exac t ly  
correspond i n  number w i t h  the  elements previously defined, it i s  re jec ted .  

( 7 )  REFERENCE TO PUSHDOWN LIST 1 CANNOT BE MADE 

T h i s  i s  e i ther  a machine e r r o r  or a bug i n  the program. 

( 8 )  IT”?. 1 1238 81 

This i s  not a diagnost ic  but a detected e r r o r .  F’rinted on-line 
under SSWl control,  it i s  meant t o  provide on-line monitoring. 
w i t h  f e w  observations, t n e  print-cycle t i m e  can be large i n  comparison 
W i t h  the computing time, as each i t e r a t i o n  i s  pr in ted .  
i s  a l s o  printed when read i f  SSWl i s  down. 

For runs 

The satel l i te  name 

( 9 ) NO OBSERVATIONS - -INITIAL RES D U A L S  

A l l  t n e  observations were re jec ted ,  and the program cannot 
continue with t h i s  solut ion.  The residuals corresponding t o  the o r i g i n a l  
elements are printed.  The program ignores observations whose s t a t i o n  co- 
ordinate s a re  not included. 

-58- 



(10) ECC. = 1+ OR NEG.--INDIAL RESIDUALS 

If a t  any t i m e  t h e  correction t o  the e c c e n t r i c i t y  causes i t s  

Poor 
value i n  the range t o  become < 0 o r  >1, the  f i l e  is  terminated. 
res iduals  corresponding t o  the or iginal  elements are then pr inted.  
e c c e n t r i c i t y  f i t  generally m a n s  e i ther  wrong form of function f o r  the 
e c c e n t r i c i t y  or,  mre l ike ly ,  poor dilstribution of observations. 

The 

(11) NOT CONVERGING--INITIAL RESIDUALS 

The program allows only 20 i t e r a t i o n s .  The current res idua ls  
are pr inted.  

(12) SINGULAR MATRIX--1NITTIAL RESIDUALS 

If the least-squares m a t r i x  cannot be inverted,  t h i s  diagnost ic  
occurs, and the  res idua ls  corresponding t o  the o r i g i n a l  elements are 
pr inted.  This can happen i f  the d is t r ibu t ion  of observations i s  poor and 
a singular set occurs. Although this  i s  not unl ikely w i t h  a large number 
of unknowns, it usual ly  happens when s t a t i o n  coordinates a r e  being improved 
and one of the s t a t i o n s  f a i l s  t o  report any observations. 

(13) DIVERGING--INITIAL RESIDUALS 

If the standard e r r o r  increases on four  consecutive i t e r a t i o n s ,  
it i s  s a i d  t o  be diverging. 
elements a re  pr inted.  

The residuals corresponding t o  the o r i g i n a l  

(14)  ERROR I N  ORIGINAL ELEMENTS, NO INITIAL RESIDUALS 

If the i n i t i a l  elements cannot be used, say because the eccen- 
t r i c i t y  w a s  negative, t h i s  diagnostic i s  pr inted.  

(1.5) MACHINE ERROR, PRESS START TO PROCEED WITH NEXT CASE 

This message occurs occasionally. 
but the program usually runs without fur ther  d i f f i c u l t y .  

It may be a bug i n  the program, 

(16) PLEASE MOUNT D @ I  BINARY STATION TAPE PLEASE HIT START THANKS 

If the binary s t a t i o n  tape cannot be recognized, t h i s  message 
i s  pr inted on-line.  
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Vox Machina 

D@-3 was wr i t ten  f o r  a 32K 7090 w i t h  two data channels and 10 
tape drives.  
that the  I@ i s  independent of t n e  type of tape dr ive and the i n t e r n a l  
machine speed. Since the program i s  independent of the system Id, it 
need not be run under tne  lat ter.  It i s  an "absolute" program, i n  the 
sense that  t h e  binary deck bas an absolute locat ion assigned. 

The programming has been done exclusively i n  BEFAP (MACR6 FAP); 
the program w a s  wr i t ten  and debugged under BESYS3. 
use of the Macro language and other  features pecul iar  t o  th i s  assembler, 
including the  modification of t n e  assembler i t s e l f .  

No s p e c i a l  7090 features are employed, and w e  hope 

We made extensive 

Although t h e  program methods are solnewhat r e s t r i c t i v e  t o  change, 
there are areas that may e a s i l y  be expanded ( f o r  instance,  the cont ro l  
dict ionary and the  pushdown l ist  of operat ions) .  
ized I@ w i l l  make change t o  I# monitors a simple matter.* 

Hopefully, the c e n t r a l -  

Following i s  a l i s t  of some of the more important l i b r a r y  subroutines 
assembled i n t o  the  program. It i s  not a complete l i s t ,  as the heavi ly  
subroutined program has severa l  rout ines  pecul iar  t o  the D @ I - 3  i t se l f  .. 

Subroutine Function 

Input-output w i t h  inversion and 16 
buffer  supervisor 

SQRT Extracts  square root  

LN-S820LN-LAS820 Obtains n a t u r a l  log 

E x P - S ~ ~ ~ E X - L A S ~ ~ ~  Obtains exponentiation 

ARSN-ARC# CLASCI. 
INV -1JA INV1 m t r i x  inversion 

SIN-& -IBSIN1 

FSIN-FC@ 

CRT1-MUCRT1 Extrac ts  cube root  

Extracts  a r c  s i n  or a r c  cos 

Obtains s i n  or cos 

Fast  s i n  or cos rout ine (accurate t o  
5 f i g u r e s )  

* 
The I# philosophy and i n t e r p r e t a t i o n  are completely d e t a i l e d  i n  

Gaposchkin (1963). 
t h i s  GI@ routine,  we recommend tha t  any in te res ted  person consult  t h i s  
reference.  

Since the da ta  flow i n  t h i s  program i s  b u i l t  around 
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Symbols f o r  D@I Write -up 

subscript  0 observed 
C computed 

subs c r  i p t  
h 

horizon system 4 

'h R = s t a t i o n  coordinates 
A 

p geodetic geocentric 

FS i n e r t i a l  geocentric 
g 

o r  s ide rea l  system 
3 A 

r = satel l i te  posit ion (geocentric) r d i rec t ion  cosine or unit vector 

-L 4 

p =topocent r ic  s a t e l l i t e  posi t ion P di rec t ion  cosine or un i t  vector 

^p = (6) = a' (sometimes) 

t = time i n  days T =time i n  years 

7 = epoch 

W = perigee 

S; = node 

i = inc l ina t ion  

e = eccen t r i c i ty  

M = mean anomaly 

ri = mean motion = M 

a = semimajor axis  

8 = s iderea l  t i m e  
@ = astrometric la t i tude  of s t a t ion  (a l t i tude  of the  north c e l e s t i a l  pole) 

no subscript i s  satell i te 
M subscript  i s  moon (uM) 

3 subscr ipt  i s  sun ( Wo) 

E subscript  i s  earth ( W  ) \ E 

= longitude of the s t a t ion  

E = eccentr ic  anomaly 

v = true anomaly 

= w + v  
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Note tha t  3 means vector 
* means unit vector 

r scalar 

r vector 
3 

CI A A 

r unit vector, such tha t  r = r r 

=(;) I =;I;) = 7- x + y  + z  (i;) 
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APPENDM 1 

Ek~ressions of Lunar Ferturbations 

V" 
-!- e a  {-6y2O2 $2 ccs(2XM + 2(0)/(1 + w' )  

A 
M M  

+ 4 Y 2  GM cos (2hM + R + 20.')/(1 - 0'/2+w') 

+4?30* Y M U i  cos (2AM - 6 + 2w)/(1 + n'/2+ w') 

- v4 .  0; cos (2AM - 20 + 2W)/(l + n' + w') 

4 4  A 

- 6  *yM COS ('AM + 20 + 2w)/(1 - R '  + w') 
A 

+ 6 y 2 2  Y 2 2  cos (2AM - 2W) '( 1 - u') 
+4S0 $ J M C 0 S  ('AM + n - 2 w ) / ( 1 - a ' / 2 - w t )  A 

+ 4yo3 . y 03 cos (2AM-R-2w)/(1+R'/2 A 

+ y4 yM 4 cos (2AM + 2R - 2W)/(l - 0' - w') 

+ 04 . DM 4 COB (2hM - 20 - 20)/(1 + n'  - 4 3  

M M  

-w ' )  
A 

M M  

A 

I = 5f145 e = 23t444 

0 = 148?(53 - 0~052g53gd 

Epocbr: 2437500.5 = July 20.0, 1961 

Y = cos i/2 (J = s i n  i/2 

A = '$ + 53y663 + 13f229350h-d 

n 
2 

Perturbations i n  radians : 

3 
9 4  

M 

- -  - .2783 X 10-2/day 
I + C  

cos - = cos - 2 
94+51 YM cos - 2 

n i n  radians/day 
I- 5 n sin - M 2 2 2 

y sin - = COS - %+% 

R 
2 cos - I + 5  = sin - 2 

94 - 3 4  DM cos - 2 

n 
M 2 2 2 * - ' s i n  - 0 s in -=s in -  94-51 

i i = % - n  

I, w i n  depees/day 1 
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2 
1 2 4 2 2 2  3 uL I.+ 6[4(1 - 50 + 50 ) + e 1 yMoM s i n  2hM Ew==y2 /T  

2 2  + 15[4y'~' - e2j . yflM sin (2hM - 2w)/(l - cu') 

+ 5vT1[8y2a2 - e 2 (1 + 20 2 ) ]  . yMoM 3 sin (2XM + n̂ - 2u) / ( l  - Q'/2 - cu') 
2 2  2 2 3 + 5y-'0[8y 0 - e ( 3  - 20 )] y#M sin (2hM - 

+ 5y2[2y2 - e 1 yM sin (2AM + 2fi - 2 w ) / ( l  - Q' - w ' )  

+ SO [20 

- 2w)j ( l  + ~2'12 - w ' )  

2 4 

4 s in  (2iM - 2~ - 2 w ) / ( 1 +  n' - w')} - e 3 . OM 2 2  2 
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2 
6 i =  - B q i J j  uM + 3e2 [+ (1 - 2a2) y M M  30 cos ( 2 h M  + A ) / ( 1  - n'/e) 

+ yo OM 4 cos (21M - 2ii)/( l  + *'I} 

+ O  2 (3  - 4 u )  2 *y#M cos (2AM + ii + 2w)/(l - n'/2 + w ' )  

+ y 2 (1 - 4a 2 ) yMo; cos (2AM - h + 2cu)/(l + n'/2 + w')  

- yo3 yM 4 cos (21M + 26 + 2w)/(l - n' + w ' )  

+ y 3 0 0 4 cos (21M - 2ii + 2w)/(l + n' + w ' )  
M 

2 2 2  + 3 ~ 0 ( 1  - 20 ) y o COS ( 2 ~  - 2 ~ ) / ( 1  - w ' )  M M  M 

+ y 2 (l - 4a 2 yM'M cos (2AM + h - 2w)/(l - n'/2 - w')  

+ 02(3 - 4u2) yMa; cos (2AM - fi - 2w)/(l + 0 7 2  - W') 
- y30 yM 4 COS (2AM + 2A - 2 ~ ) / ( 1  - n' - W ' )  

+ yo3 . UM 4 cos (2hM - & - 2U)/(l + n' - d)\ 
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APPENDIX 2 

Expressions for Short-Period Perturbations (2nd harmonic)* 

[(-I + $ sin ( 2 w  + v) 7 i) sin ( 2 w  + 2 ~ )  + e J 6L = - [ 4 ((-1 + 6 sin 
P2 

1) 
2 (-1 + sin i) sin (2w + 3v) 

3 
+ 

e 2 - { $(-l+ 3 sin2 i) [e - sin v cos v + e c n  e ) sin v] 

+ ( v  - M + e sin v) ( -2  + - sin i)}] 
2 

en = 2 cos i [- (V - M + e sin V) 
P 

+ 3 { sin (2u + 2 ~ )  + e [ sin ( 2 w  + v) + 2 sin (2w + p)]] 3 

oi = 3 sin i ( % cos) [I cos ( 2 w  + 2 ~ )  + e { cos ( 2 w  + v) + 1; cos ( 2 w  + 3v)}] 3 P 

For definition of p, see equation (21), PaQe 13. 

* 
Kozai (1959). 
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This series of Special %ports was instituted under the sqpenrlsion 
of Dr.  F. L. Uhippk, Director of the Astrophysical Observatory of the 
Smitbsonian Institution, shortly after the launching of the first a r t i f i c i a l  
earth satellite on October 4, 1957, 
th Observatory. 
data for satellite tracking, the Reports have continued t o  pruvide a rapid 
distribution of catalogues of s a t e U t e  observations, orbi ta l  information, 
and preliminary results of data aaalyses prior t o  fornrrl plblication i n  
the appropriate journals. 

Contributions cane from the Staff of 
Firs t  issued t o  emrm the imnediate dissemin8tdon of 

Edited and produced under the  supervision of Mr. E. 1. Byes and 
Mrs. Bsrbam J. Hello, the reports are indexed by the Science and Technology 
Division aP the Library of Ccngress, and are regularly distributed to all 
institutions participating in tbe U. S. space research program and to 
individ-1 scientists who =quest t b m  fran tlre Administrative Wicer, 
Technical Informtion, Smithsmian Astmpmica l  Observatory, csllibriaepe, 
Efassachusetts 02138. 


